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Let @ =lim, Z/p"Z, let A =(?|g,,8,],, where g, and g, are coefficients of the
elliptic curve: Y? =4X’ — g, X —g, over a finite field and 4 =g} — 27g3 and let
B=A[X,Y)/(Y?—4X’ + g,X + g,). Then the p-adic cohomology theory will be
applied to compute explicitly the zeta matrices of the elliptic curves, induced by the
pth power map on the free 47®1'@-module H‘(X,d’f@z Q). Main results are;
Theorem 1.1: X*dY and YdX are basis elements for H'(X, rrxtez0)
Theorem 1.2: Y dX,X2dY,Y ' dX,Y *dX and XY 2dX are basis elements for
H' (X —(Y=0), T*(X)'®; Q), where X is a lifting of X, and all the necessary
recursive formulas for this explicit computation are given.

INTRODUCTION

The p-adic cohomology theories, which have been developed in [4’7]

enable one to compute explicitly the zeta matrices (therefore zeta functions,
see [6, p. 444]) of all the elliptic curves

V'=4X' —g,X—g,, A=g;-278;#0,

over a finite field, with g, and g, only in their entries of the zeta matrices
with some growth condition, whose existence has been established in [6]-

Let & be a complete discrete valuation ring with residue class ﬁelc_i fc,
containing Z /pZ, maximal ideal M and a quotient field K of characteristic
zero. Let A be an -algebra and let 4 = A ®gk.

* This work was done during the visit at West Virginia University and East Carolin

University, 1979-80 and 1980-81, respectively and as subject classification (1980) Primary
14G 10, 14F30, Secondary 10B10, 14K07. A.M.S.
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Let X be a preschem
= e over &7, Oy the st
of @-differential » Oy the structure sheaf of X, I'
ials of @, and I'}(X) the exterior algebra of I &-(f’(_ f)] t'lll‘;;}l] elii

T'y(X) be the sheaf of
4 of 2, .
modules: x‘modules together with a map of sheaves of 4-

dot'%,—rré@)

and ' =TI 0
EIObalﬂ seg?(%rs)/ﬁf: d’4, where @ - d’4 is the sheaf of &-submodules of

B ot om0 o e T #X) generated by

sheaf of differential ns d°(f), fEA} and let If(X) be the quasi-coherent
‘ ntial graded A4-algebra over the prescheme X and we define

Fi@)T=I'£(‘_X)®§£@’£

for all non-negative integers i.

DEFINITION
and proper ovg- lt.hc ?et :7:; be a prescheme over the ring 4 which is simple
41 and only if th ing 4. Then the prescheme X is said to be liftable over
e ring A aod ere exists a prescheme X which is simple and proper over
A4 and such that X is A-isomorphic to X X, 4.

THEOREM
Preschemes Xquvh i.et L be {he category such that the objects in L are
and liftable ope ISC are of finite presentation, simple, proper over the ring A
Then there is r Spec(d), “f'e maps in L are the maps of preschemes over A.
Category L m‘:oﬁ'fizfravar iant functor, A'®, Q-adic cohomology, from the
t e ;
4'®; Q-modules: category of skew-commulative graded locally free

X-oH'X,A'®,Q)

for all
non- . )
Prescheme ;egarwe integer h and if a prescheme X over A is a lifting of the
. over A, then there is induced a canonical isomorphism:

H'X, r1(X0)H ®, Q5 H'(X,4'®: Q)

Jor a
Il non-negative integer h.

Re
more,g:::rs'a?.s tl . It l:‘as be.en proved in [8] that Theorem
45 nor t‘ﬂnsorine tm,gs’ i.e., without assuming X being proper
arvard Seming Wl;th ®z Q. The above version of the theorem was

he proof oa; y Saul Lub.km in 1969-1970.

Sneralized cop Theorem 2 is similar to the one in
Suppose F- Aomﬂlo_gy theory developed in [4].
hat the jng :4 - A4 is a ring homomorphism wh
uced map A,y A,eq i5 the pth power

0.2 holds true in
and liftable over
donein a

[5] and uses the

ich maps & into itself such
map. Then, cas¢ 1; X is




‘
simple and proper over 4.4 and liftable over Spec(4), then HL-':(XI’I%1 b%i;[?[)l
is locally free of finite rank as 4" ®, Q-module (proved by Sau }:lth zeta
the Harvard Seminar 1969-70 and also in [8]). Therefore the matrix
endomorphism W" of H"(X,A'®, Q) can be expl’CSSEd oy it (16
with coefficients in A'®;Q uniquely up to F'®; @-smllar;t}’braic’
Example 2, p. 443]), which is called the hth zeta matrix o'f thel agfn il
family X over 4.4 with coefficients in 47®,Q, case 2: X is po YI; define
properly embeddable in 4, (|6, Definition 2, p. 442]), then one ca orts
the zeta endomorphism of the lifted p-adic homology with compact supp

. L. e
(see [6] and the forthcoming paper [2]). A zeta matrix of the elliptic curv
looks like

AN ;_; Qi 04
i=0 -1 A
W' =
N oo, N 9,
_i>o i>0 _J

: ' 2Y, the
and notice that, as we will observe after Egs. (2:4.1) and (2.4.2)
infinite sums in Eq. (0.4) are p-adically convergent, in fact, that
Q, and Qj; are divisible by p', j = 1, 2,
all integers i > 0.

1. 7}
Recall the zeta function of elliptic curve X: Y2Z = 4X* — g, X2 — &
over a finite field of order P’ is given by

_ 1=aT+p'T?
=iy

= the trace of

a€ .

Therefore the integer g

(Wl).w—l . (Wl)_;,-p-: e (Wl)p . W:
(see [6, pp. 450-453)).

I. TWO THEOREMS FOR THE ExpLICIT COMPUTATION
OF ZETA MATRICES oF ELLipTIC CURVES

THEOREM 1.1, Let @
integers and let 4 g
elliptic curve: y? = 433

. adic
=lim,(Z/p"Z), p+2,3, be the ring s{s f}} e
—27g3, where g, and g; are the coeﬁircl(i S 1), Le
— & X — gy over a finite field of order p" \' 7 '/,

nd
4=59[8:s§:]4s let B=AlX,Y)/(Y?  —4X3 +g, X +8&) ¢
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x_'!’*= Spec(B). Then the first hypercohomology H'(X, I’ FX)'®;Q) is a free
4+ ®z Q-module of rank two and we can take basis elements Jor this free
4" ®; Q-module to be b, = Y dX and b,=XYdX.

Proof. There exists the first spectral sequence of hypercohomology ({5,
Chap. I. Sect. 2, p. 118]) starting with:

Ei¥ = HI(X, I',(x))

vith its abutment the 1st hypercohomology H'(X, I'}(X)"). But since X is
an affine scheme, we have:

E{/=0 for j#0

(1.0)
=H'X, r'(x)") for j=0.

Since we have that this spectral sequence degenerates, i.e.,

di—l.l

0=E;"!

o 4% 3o
yEy »y E3 71 =0.

Therefore E10 s isomorphic to the abutment H'(X, I ()"). Since
X= Spec(B) is affine, we have

E}° = coker(8'-L 1l (B)) = H'(X, ryx)".

For the elements X and YX/, j=0, 1, 2,..., in the ring B, we have:

d(X’)=jX'~" dx, j=0,1,2,m (L.1)
d(YX)) =X dY +jYX'~'dX, Jj=0,1,2.. (1.2)

gy the definition B =4 [X, Y]/(Y?—4X’ + g, X +8;), so we see that
==4[X]® 4[X] Y. Therefore,

2Y dY = (12X? — g,) dX

and .

2)

I'(B)=A[X] dX ® A[X] YdX ® A[X] dY. (12)

I .

Hence we are reduced to consider the following types of elements Offi;i%)é

%€ (2) X' dX, type (b) X'Y dX, type (c) X'dY, where i is a nonnegatHe
I&nteger. By (1.2) in the above it suffices to show that b, and b; gener

of type (b) in I'}(B).
iy ¥ (12), x! dyﬁ.,...f}!(‘—‘dx, we have X'
¢ the notation ~ means “cohomologous.

JY = X=X Y for i>3.
») Replacing X' by




A)(Y?+g,X +g,), then we have 4X'dY= X3y dY + g, X'71dY +
g, X\~*dY. Substitute YdY = (3)(12X* —g,)dX in the first term of the
right-hand side, then change i to i+ 1 and finally use 4X it dy =
d(4X*'Y) — (4i + 4) X'Y dX. Then we obtain a recursive formula

; 1 g2 vi-2 ' i—1 i-2 )
f (22 x2yadX — g, X'""'dY — g, X'7°dY).
X'YdX 3110 (2 d 143 g3

Substitute

X'dy =dX'7'Y)—(i— 1) X' 7?YdX
and
X2 dy =dX'Y)—(i—2)X"7'YdX

in (1.3), then we obtain

X'ydX =

1 . .
Zgz (f———-)X“szX +g,i—-2)X’YdX (1.4)

4i + 10 2

for i>3 and XYdX=b, and X’YdX~(g,/12)b,. X’YdX can be
computed as follows: Since d(YX®)=X’dY +3YX*dX~0, we have
3YX? dX ~ X° dY = (3/2) YX? dX — (g,/8) Y dX + g, X dY. (The equality is
a consequence of (1.2)' and Y? = 4X°—g,X —g,.) Hence YX*dX is
cohomologous to (g,/12)b,. The generation of the 1st hypercohomology

H(X, T ,_T(/_Y)* ®; Q) by the elements b, and b, follows from the recursive
formula (1.4) for i > 3.

- TueoreM 1.2. Let @, 4, A, B, and X be as in Theorem 1.1 and let B "=
AX, Y, Y ')/ (Y?—4X’ +g,X +g;). Then the 1st hypercohomology
H'(X — (Y=0), '*(X)' ®; Q) is a free AT ®; Q-module of rank five and we
can take as basis elements b,=YdX (or bi=XdY), b= xtdy (or
by=XYdX), by=Y"'dX, b,=Y *dX and b, = XY"* dX, where g;# 1.

_ Remark 1.3.1. Notice that the codimension of the closed subset (Y =0)
in B=A[X, Y]/(Y? —4X® + g,X + g;) is one, which is regularly embedded
in X = Spec(B) ([4]), therefore the relative hypercohomology ([4]):

H'(X, X — (Y =0), F¥X)H =0.
Hence we have the exact sequence

0~ H'(X, I}~ H'(X — (Y =0), (X)) - H'X, X — (Y =0),
ryxh-o.
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By the canonical class Theorem in [6, Proposition 5], we have an
isomorphism

H*(X, X — (Y =0), I}(X)") = H(Y = 0), T}(X))

and H°((Y = 0), I'¥(X)") is isomorphic to 4[X]/(1, X, X?) since (Y =0) =
Spec(4[X]/(4X* — g, X — g, =0)). Hence we have the cummutative diagram

0= H'(X, I} ®,0)» H' (X — (Y =0), [}(X)' ®; Q)

I li
- dhe,a - 4"y ®,Q
- H((Y=0), T¥(X)'®; @)~ 0
[0
- 4h ®,a-0
Proof of Theorem 1.2. We need to consider the following three types of

lements in I} (B') addition to the elements of the type (a), type (b) and type

(c) in Theorem 1.1:

Y~/ dX (d),
Xy-'dx (e,
xXy7dx  (f)
fori> g,
Notice that

y-I-1gy— y-i-! _;_ y~!. (12X* - g))dX

— 6X2Y-f——2 dX_.gEZ_ . Y_j‘-z dX.

—j=2
hwyegy —(1/)d(Y~7), therefore X1y~ dX —(g,/2) Y7 dX

. J e+ e ir et st [ et

~ 09 that ls,

Xzy-i—zdxﬂ,%y“»’*?dx for j2 1 : _“'5)

In
the Same manner as above, we get

381 —j=12 dX, (1.6)
Xy dY=—3—Y" dX + g, XY~/ dX + 7Y

. ~ 382 yy-i-2qx. (1.7)
PH I dy = 2 py=tax + g, X'y X+ 5T




We can rewrite (1.7) by using (1.5) as

2
XxXty--! dY=%XY"' dX+% y=-i-2 aur+i2gixy—f‘2 dx. (1.8)

Eliminating the term XY /=% dX from (1.6) and (1.8), we have

. 6 3ji— , -3
Y/ ldX =— z———s( J .2)g3 Y~/ dX+——--——(4 ?‘;)gz Xy’ dX% )
A 2j J
for j>1. (1.9)

where A = g3 — 27g2. Eliminating the term Y ~/~?dX from (1.6) and (1.8),

: 6 (2323 -
Xy I TtdX =— th(IZj Y) Y—fdx+3g3(3;, 4)XY"'dX§, jz1
/ (1.10)

In the process of getting Egs.(1.9) and (1.10), terms xy-/-'dy and
X2y —=14" are replaced by their cohomologous elements (1/7) Y/ dX and
(2//)) XY/ dX, respectively.

We have to take care of initial terms in (1.9) and (1.10). Letting j= 1 and
2 in the Eq. (1.9), we have

_ 9 6
Y 3dX=%Y*‘dX+—§1XY-1 dX=?&b3+%r—{XY" dx,

4
- (1.11)

—a gy 1883 68 o - 18 6g
YdX=—= YTt dX ——2 XY dX = A3b4-— Azbs

and from (1.10) for j=1 and 2:

2
XY“’dX:—Z% Y“dX—gj—JXY“dX—_- £ %83 yy-14x,

_82 p 283

24 7 4

2 > .
Xy¢ dX=,,g_2 -2 _& 2 4v_ &2 9g; .
y Y dX + y XY de—?b4+7b5,

d(X?Y~')=2XY~ ' dX — X’Y~? 4Y, using 2Y dY = (12X* — g;) dX

P 1
=2XY"'dX - XY 3-—2—(12X2—g2)dX

=2XY ' dX — 6X°Y~} dX + %’-X’Y" dx,
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|
X’ =T(Y2 +g,X + g;), we have

3
=Y AX — S X (Y 4 g X 4 g) Y dX+%X2Y‘3dX

__I -1 2y -3 3 -3

From (1.5) for j=1, X?Y~? dX is cohomologous to (g,/12)Y~*dX.
Therefore  d(X2Y~') = (1/2) XY~'dX — (g}/12) Y~} dX — (3/2) XY ~* dX.
We replace ¥=? dX by the right-hand side of (1.11), we finally obtain

3g3 -1 gy
a0y =281 gy vt a4 g v

By 2thf: assumption g, 1 in Theorem 1.2, we have g, XY 'dX ~
~(82/18) Y1 dX = —(g2/18) b,.
There are two elements X?Y ' dX and XY 2 dX that are not covered by

« e recursive formulas (1.9) and (1.10): Since dY =6X’Y " 'dX -

-nt

J [ U " S T e

(322/ 2) Y~ dX (this is well defined since it is localized at Y), it follows that
-1
ry dX ~ b,. Consider

_dY (4p) XX 1+ @pX 4
Y:(1-pX) y? Y¥(1 - pX)

Replace —4x? by —y? _ g x —g,, then

Y(1 —pX)

~ kyk
:{(1‘8‘3) Y——2+(4/p)X2Y—I_gZXy-—2___l}(§_ ka)dX .

k>0

= yiy- D pkxky-ldX)
““‘83)(Y‘2dx+pxrzdx+plxz}' TdX + ,;:;pX Y )

4 - pﬂ n
+—5 (X’Y"dX—f— \ p"X“zY_de)+d(}__ —n—X +X)

1 nal
-8 (){r2 dX 4+ pX2y-tdx+ ¥ ptHYT dX)’
k>2




since

d(S (p"/n)X"+X)~O

nz2
={p*(1 —g,)+ (4/p) —pg,} X’ Y 2 dX + (1 —g;) b,

+ (p(1 —g3) —g2) bs + (1 —&3) S PkaY—z dXx
k>3

+ E PEXKHIY-1dX —g, E kaHly—de_
k>0 _- k32

On the other hand, we have

dX
=Y (1 + pX + p’X* + -+ )dX
=b,+pbs + pX*Y~2dXx+ Y p*x*yY~ldX.
k23
Therefore, .

g3bs + (8, +pg;) bs + (pg, +p'g:) X’ Y2 dX

=N (1 —g)p*+p* 7 —g, P XY 7 dX.
k>3

To conclude that X*Y~2 dX is generated by b, and by, we must prove the
recursive formulas (2.5.1) and (2.5.2). This will be done in Section 2 below.

2. RECURSIVE FORMULAS FOR THE ExpLICIT COMPUTATION
OF ZETA MATRICES OF ELLIPTIC CURVES

Recall 4 =?[g,,g,],, Where 4 =g} —27g% and & = lim 7/p"Z, the ring
of p-adic integers. One can define an #-endomorphism F': 47— 4" such that

F(g,)=h%, F(g;)=g5 inducing the endomorphism H'(F, f) of the free
A' ®; Q-module

H](X’AT) ®Z@'—’H1(Xa4t)®z@

(see Introduction), where [ is the pth power endomorphism of the prescheme
X =Spec(A[X, Y]/(Y* =4X> + g, X + g;)) over Z/pZ.
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Consider the diagram

0~ H'(X, I'f(X)'®*Q)- H'(X - (y=0), 7i()' ®%Q)
lmmn 13'(&!)' (2.1)
0 H'(X, THX)'®, Q) » H'(X - (Y =0), [}()' ®,Q),

where H'(F,f)" is induced by the endomorphsm H'(F,f) restricted Ito
X—(Y=0). Since X-— (Y =0)=Spec(B’), where B'=A[X,Y,Y"']
F~4x* 4+ g, X + g,), let f: B’ — B’ such that f(X)=X" and let

)

So \ i u 1
where (2.2)

()4 1) (oo

vhete = (4X'—g,X—g,)’ and —pT=4X"—giX"—gi— (X~
&X - g,) so that f ®; Q = f may induce the pth power endomorphism of X
Oer Z/pZ. In order to determine the zeta matrix of elliptic curves W ?eed .
¥ite F(b,) and F(b,) as linear combinations of b, and b, wnhfcoemcwn? llre1
~'1®z Q, where b, and b, are basis elements of the free A'®; Q-modu
H'x, I'¥(X)'®, Q) in Theorem 1.1.

¢ have the equations

H'(F, f)(b,) = H'(F,f)(Y dX) =pX"~'f(Y) dX,

(2.3)
H'(F,)(b;) = H'(F, /)XY dX) = pX*~ [ (V) dX-
By the definition of (2.2),
| ~ (172 p—1yp :P_.T.: 'dX
H'F, f)(b) = ¥ ({ )px y ( ’ )
in0
and 0.4)

HE o)=Y (1 )px Y (+ )!"X‘

u
i»0

! i
Intultwely L) mip T - gh.




Equation (2.4) can be written explicitly as

o (12 ,
HEN6) =Y (17 )prrrry

i=0
X (4X% — gh XP — gh — Y?) dX, (2.4.1)

1/2 .
HENE) =T / ) e ryey =
_ iso \ 1
X (4X" — gh X" — gl — Y?7)' dX. (2.4.2)
as —pT/u= Y " 2P(4X*" — gt XP — g% — Y?7), where T is the polynomial in X,

g, and g, of total degree 3p, described after Eq. (2.2) above. To expand the

right-hand sides of (2.4.1) and (2.4.2), we need to have recursive formulas
for the terms

Xy-nax and  X*7'Yy"dX for 1>0,n>0.

The following recursive formulas have been obtained (see Note 2.7 for
proofs): '

1 !
XHy-n dX = (f;( 7 XY~ 1:5'2—1 Y "dX
+ glzz.r 323 XY~ dX) _ (2.5.1)
Ul y—n 1 /g5 —n+2 gy .
Xty dX=T(12, _Y T X 4 2, L __ XY "dX
+ glzz, 828 Y"'dX) (2.5.2)

By repeated use of Egs. (2.5.1), (2.5.2), (1.9) and (1.10), we see that there
are polynomials Q;;, Q7 ;,j=1,2,3,4,5in g,, g, and 4" recursively deter-
mined for each integer i>1 as follows: Qi Jj=1,2,3,4, 5: Qi
J=1,2,3,4,5; such that '

1/2 pomlypy—2pl(4X3p P XP p 2pni L ,
i —g3X" —gh =Y dX = ?}_' Qb‘b}’ (2.4.1)
. =1

1/2 ’
( l ) XP1yry-Bax _grXo _gr iy ax = N gp,. (242)
J=1

And since the sums in Egs. (2.4.1) and (2.4.2) converge p-adically, we have
also that 0, 0, Qf;— 0 p-adically as i - co0, j=1,2,3,4,5. (In fact, that



_Qf;' and Q;:,- are divisible by p’, for i > 0.) Also, by Theorem 1.2, O, and Qf,
i20, l.> J 235, are uniquely determined by Egs. (2.4.1) and (2.4.2),
respectively. Then, by Egs. (2.2.1) and (2.4.2), we have that -

HUE L)) =N (Qub, + Quby + @by + Qubs + Oisby), (26.1)

i20

HUF.S)b) = X (Qhiby + Qhaby + @by + Qisby + Qisbs). (26.2)

iz20

Note 2.7. In HI(F,f)(bl), the term with i=0 is given by pXP—I}’PdX.
Put p=2n 41 (n> 1), then

o - - N —

pXP—l Y.B dX :pxln YZﬂYdX
=pX*"(4X° —g, X —g,)" YdX

n!

A

| =pXY X (¥ T () (XY (2
gl r!s!
Ap p?!!4p(_g2)r (_"gJ)s X3Q+r+2"YdX.
0+:s=n Q' r!s!

Hence the recursive formula (1.3) can be used. For i= 1, we have
1/2 p—-1lypy-12p 3p P yp P YZP dX
| |pXPTIYPY (@AY — gl X —gf — )

— 2px*-1y-p gy — &L yu-1y-r gy
2

IS RN

—%EXP_IY_de—%X”_'Yde

]._ 3:; fecursive formula (1.10) can be applied for the term X y~? dX; and the
o ove formula (1.9) for the term X?Y " dX as it is cohomologous to
®/12) y-» 4 by (1.5). -
b f flve a proof of (2.5.2) (and (2.5.1)) by mathcm}atic?l 1121duct1;n on )I
Wt opyg L, the left side of (2.5.2) is X*Y~"dX. Using X’ =§(Y" + &4 + &)
e“aln the expression on the right side. .
» SUppose that (2.5.2) is true for /— 1, 1.,

4 \12'-?

1-2 2.5.2)
g2 83 y-n (
iz " dX)'

-2 (=2 —n
Xi-ty-ngy - | (gl y—"”dX+—lgz—2n~fXY ax

J——

-+

M.




Then it must be shown that (2.5.2) is true for L Multiply both sides of
(2.5.2)" by X?, then we have X*'*'Y~" dX on the left side and replace the
first and third terms on the right side X?Y~"*dX by (g,/12) Y~ "** dX,
X2Y-"dXby (g,/12) Y~"dX by (1.5) and the second term X}y " dX by

(Y +g,X +g,) Y "dX.

Then we get the left side of (2.5.2). The proof of (2.5.1) can be given
similarly. The computations can be carried out more explicitly for a specific
prime and elliptic curves, e.g., p=35 and

Y2 =4X — 1,
Y2 =4X3 — X.

Q,and Qj; are computed. (See the appendix of (2])
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