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The paper compares separate. conditional, and joint score tests of duration depchcnc_c. and
unobserved heterogeneity when the null is the exponential model and the alh‘:rna.nvc is the
heterogeneous Weibull model. The score tests based on the conditional score function include the
Neyman C(x) test as a special case. An examination of the non-null dislnbutmn_ })I’ thc joint test
explains when all score tests have low power in the presence of multiple misspecifications. Montcj
Carlo experiments show that the conditional score tests are superior to the standard separate tests
which confound unobserved heterogeneity and duration dependence.
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1. Introduction

A number of recent papers consider specification tests for duration m(?delfz
see especially Lancaster (1985), Kiefer (1985), Burdett et al. (1983, -
(1987), Jensen (1987), Horowitz and Neumann (1989). A focus m.thcse papers
has been on separate (partial) tests of either unobserv-ed hctgro_geneny or c‘m tc:t:
of duration (state) dependence. In practice an investigator 1s likely to erT;,oulr: i
both neglected heterogeneity and duration dependence simultaneously. It 15



often difficult to infer whether the data come fr_nm a very hclcrngcnco;:s
population with low duration dcpendcncg ora relatively homogeneous pnpu a-
tion with high duration dependence. This 1s sghscqucnll_y rcfcrrcd to as con-
founding’. In this paper we carry out a theoretical u‘nul_\'sls of the confounding
effects on tests for the two types of misspecifications and suggest ways of
avoiding distorted inferences. We also carry out an extensive Monte Carlo
investigation of the properties of various test procedures when the true d'fllil
generation process allows for duration dependence. unobserved heterogeneity,
or both.

Our investigation is carried out on the basis of a comparison between three
types of score-based tests. The null hypotheses tested are of zero unobserved
heterogeneity and zero duration dependence in the context of the heterogeneous
Weibull model. The tests used are the separate and joint score tests for two
parametric hypotheses and the conditioinal (‘adjusted’) score test for testing
a single separate hypothesis.

It is known that, given duration dependence. neglected heterogeneity leads to
inconsistent estimates. Therefore, the motivation for testing for heterogeneity is
strong. However, in the presence of multiple misspecifications the use of a sepa-
rate test, such as the test of unobserved heterogencity. may not be vahid. Due to
stochastic dependence of the separate tests a significant test of unobserved
l}ctcrogeneity may be an indicator of duration dependence. Similarly. an insigni-
ficant test may result due to the confounding effects of simultancous occurrence
of duration dependence and unobserved heterogeneity. Consequently, testing
separate hypotheses may lead to a model which is cither over- or undcr'pnrumct-
erized, a common presumption being that overparameterization is more likely
[Godfrey (1988, p. 80)]. Awareness that the separate tests are not strictly valid
in the presence of other possible misspecifications causes some users of séparzltc
te§ls to ‘excrmse caution and to claim that the
m!sspcqﬁcal%on (‘something is wrong’) test
ml;speqﬁcatxon Under that interpretation
a direction for respecification.

A second approach is to test for the presence of dur
he!cro%eneny Jointly and hence deal with the
:?;;%ac:n:éss'oﬁevzmﬁ. g::l;crz'il T“‘“i‘-'l may h“_' inferred if thc joint test is

- 1honly a subset of the joint hypothesis is false. this
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g ay have low power against certain local
. A third approach tests either of the
ing the truth of the complementary
constructed which allow for the dc-pc
parameters. To implement it one eithe
by the joint null as in the Neym

separate test is only a general
and not directed at a particular
a significant test cannot suggest

ation dependence and
possible correlation between

WO separate hypotheses without assum-
hypotheses. That is. separate tests are
ndence of the test on certain nuisance

r fits a more general model than implied
as in section 4 of the paper.

an C(x) test or.




‘adjusts’ or ‘orthogonalizes’ the scores estimated under the joint null with
respect to the nuisance parameters. In cach case the score test will be based on
the conditional score function. This approach is known to be asymptotically
equivalent to the separate tests when the joint null is true. Under the alternative
hypothesis this approach can be more powerful. When the joint null is untrue.
the properties of the conditional score tests depend upon the nature of condi-
tioning.

We explore and elaborate these general themes by a detailed theoretical
examination of a model of duration dependence and unobserved heterogeneity
for which we develop several specification tests whose properties are sub-
sequently explored in the context of Monte Carlo experiments. This is the
main contribution of the paper. The rest of the paper is organized as fol-
lows. Though our primary interest is in the specific application, section 2
provides a general exposition of several varants of the conditional score
approach and contrasts it with other approaches. Our justification for a general
discussion is to exposit the structure and merits of the conditional score
approach which is not used widely in the empirical econometric literature.
Section 3 discusses the joint score test for duration dependence and neglected
heterogencity. its non-null distribution. and the conditions under which the test
has low power. Section 4 specializes the approach of section 2 and derives
conditional score tests for heterogeneity and duration dependence based on the
maximum likelihood estimator. Section 5 shows how to implement the condi-
tional test for heterogeneity using a variant based on  N-consistent least
squares estimates of the Weibull regression model. This latter approach Ais
essentially an application of the Neyman C(x) principle and is preferable in
principle to the approach of section 4. Sections 6. 7. and 8 report Monte Carlo
experiments which compare the three approaches in three different settings.
Section 9 concludes.

2. Conditional score tests

The common approach of conducting scparate score tests of subsets .of
{ restrictions, can have mis-

restrictions, assuming the validity of other untested : 3
leading consequences if the untested hypotheses are false. }-or.cxumplc. in
parametric duration models it is common to assume that the functional f(,)rm £
the hazard is correctly specified when testing for neglected hctcrggcncny. In
contrast, a conditional (‘adjusted’) score test can be constructed which does not
make that assumption. -
Let 2(0) denote the log-likelihood. where 0 = (07 05] is tlw w:*ctor of
m parameters to be estimated and ), has r elements. Let 5, = 0% /20, and
52 =02/00, denote the score vectors. Let I(0) = — E [0*/20,00,] denote
the expected Fisher information matrix and let 00* denote the true unknown (.



sodfrey the
Under standard regularity condition [see Holly .(]987) nrlf,mdfrgy (1988)] the
score vector has a multivariate normal distribution, that is,

51 (0%) 0\ 1 [ 1:1(0% l.zw*")l (2.1)
ll[.;-q()*)]‘"[(())’?v 1, (0%) 15,(0%)

I Iy, 27
lw*)=[ o ] e
lZl 122

Let the joint null hypothesis be Hy: 0, = ),,. The score test for Hy is

where

LM[0] = 5, (60)[1'* (00)] 51(0,) , (2.3)

where
11‘2[111‘1121221[21] l~ (24)

and the carat (") denotes evaluation at the restricted maximum likelihood
estimates of 0. L M is distributed as 22 (r) under H,,.

The conditional distribution of s, (0), given s, (0) = ¢,. where ¢, is the realized
value of s, is given by

‘S|l-"2=('2)“’7{[1]21521('2,(1“) l]. ‘

Define the conditional score Junction as

51(0) = (s,(0) | s, = €2) = 112(0) 15, (0) ¢, , (2.6)

where lhf: second term on the right-hand side is the
may be Interpreted as purging s, of the correl
Interpretation is in terms of orthogonalization o

asymptotic covariance, The adjusted score s
conditioning is necessar

‘adjustment’ whose effect
ation with s,. An alternative
f 5§ and s, in the sense of zero
= s, if I, = 0. Notice that no
. ) y il all the parameters that are not being tested are
estimated unrestricted using maximum likelihood. Here ¢, = 0 by the first-order

R o _ i
condlllon.o‘/’/a()z =0, and 5§ = s1. The adjusted score may be interpreted also
as the residual from the regression of s, on Sns,

Once again, under standard regularity conditions,
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which establishes the orthogonality (zero asymptotic covariance) between
si(0*) and 5, (0*). The conditional score test statistic is given by

LME[0*] = si"(0%) I'' (0*) s (0%) . (2.8)

Let 0 be further partitioned as 0" = (¢, 0y, 05,). This redefinition of 0 facili-
tates the implementation of the two types of conditional score tests that we
consider in this paper. The following are the two seperate hypotheses we need to
test: first, for Hoy: 0y, = 0,,,, 0, = (0, 05,). Conversely, 05 = (0}, 05,), when
testing Ho: 0y, = 0,50. Consider Hy,: 0, = 0,,,. The first type of conditional
score test consists of using the \/ N-consistent estimate of (0, 05,), denoted by
a tilde (7). The second type of test uses the restricted maximum likelihood
estimate of only 0,,, denoted by a carat (*). For testing Hy,. where (0, 04,)
isa \;'T\/-consistcn( estimator of (0%, 0%5). Then under Hy,, 5 (0) < s, (0*) and

the conditional score test, given by
LM[0] = 55" (0) 1" (0)s5(0), (2.9)

has the same asymptotic distribution as LMc[0*].

Now consider the conditional score based on the restricted maximum likeli-
hood estimator. The restriction is placed on both elements of 0o and 0,50,
however, only 0, ,, is being tested. Let 0" = (0,0 0420 055). Define the new
conditional score 55 (() analogously to (2.6) with 0 replaced by 0. Therefore,
another conditional score test of Hopj: 0,; = 0,0 (j = 1, 2) is given by

LM5(0) = s5'(0) I'7(0) s5(0) . (2.10)

Since the score test based on sf,f(ﬁ) does not impose Hy, (k #j) and IS
asymptotically equivalent to the score test based on sj(0%), its asymptotic
distribution is independent of ( 0F; 0%5).j = 1, 2. We shall refer to this as the proper
conditioning case. In contrast the score test based on s§(0) imposes HO! and
Hy, simultaneously. If the untested auxillary hypothesis is-false and I.(”*)_ is not
block-diagonal in the elements under test, the distributlon' of s§(0) will not
converge to that of s§(0*) and hence will not, in general, be mdependc'n.t O.f the
nuisance parameter. We shall refer to this as the case of improper‘('(‘Lndm_onmg.

The above argument explains why in general LM5[0] am_i LM; [0 ] will have
different properties. Although LM [0] is preferred to L M; [()]..the.latter may
still be preferred to L M,[()‘] whigh uses restricted maximum hl_(elllh.ooAd' esti-
mates but no conditioning. L M$ [0 ] is a potentially useful test statistic if 0 is not
readily computable. N '

The conditional score test based on 0 and defined by (2.9) is known as the
Neyman C(x) test in the statistical literature [Neyman (1959), Moran (1970)]
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and has been discussed in the econometrics literature by Breusch and Pagan
(1980), Engle (1984), and Holly (1987). Traditionally the test has been moti-

vated by computational considerations since the | N-consistent estimate of
0 under the null is often easier to obtain than the maximum likelihood estimate
required for the score test. Hence the test is sometimes dubbed ‘pseudo-score

test’.

3. Score tests of heterogeneity and duration dependence

Following several recent papers [for example, Lancaster (1985)], we con-
sider a locally heterogeneous Weibull model with possibly censored obser-

vations on durations ¢;, i =1, ..., N, whose joint log-likelihood s given
by

£ =Y Inf(t), (3.1)
where

y

Inf(¢;) = C;[lnoz +(@—1)Int; + Iny; + In ( foe (&8 — 2¢) ) ]

-

e —C.v)ln(l +f:z§).

Hi = exp(x;f) = exp (B, + X1, (3.3)
& = It} 34
(3.4)

Here x;is a (K x 1) vector of exogenous v
the.sense of Cox and Snell [see Lancaétc
whnch_ takes the value unity for complete
durat!ons. The duration dependence par
duration dependence and o > .
hetvevrogeneity parameter is g2,
ith 0' = (0, 0,), " =(0? ;

denote the res;ricie):dw\l/lcre ()l'_ (GA’X)'. s K e a0 g 5

ector and 0§ its maximum likelihood cstimutc'nThle

joint null hypothesis of i
. Zero hcterogenelty and no duration dependence

ariables and ¢, is a generalized error in
r (1985)]. C, is the censoring indicator
durations and zero for right-censored
) implyin;m;f:;:'m\ % a< I implying negative

sitive duration dependence. The

Ho: 6°=0 and 4=



The scores with respect to a? and x are as follows:

04 o

= =4 (] — 2Cie;) = 5,,(0), (3.6)
00° | n, =7

0¥ G e :

B "nzlltt,ﬂ(.—— g)nt) = 5,,(0). (3.7)

However, most of the theoretical part of the paper up to section 7 will deal only
with the special case of no censoring. We have derived the joint score test for H,
for the uncensored case. The result is now summarized.

Proposition 1. Since asymptotically [1(0)] ' ?s(0) ~ »(0, I). the joint score
test statistic for heterogeneity and duration dependence is

LA’III) [ ';] = -"l “;n )I| : ( (;(l )5, “jo )s (38’

where

(Fny=Iyr ¥yl
1" (65) = : : (39
(Ug) N I | 3

where ¥ (r) is the digamma function. d log I'(r)/dr. and W'(r) is the trigamma
Junction, d* log I'(r)/dr*. B

Proposition 2. Let &' = (8, &,). where &, and &, are scalar constants. Let the
sequence of alternative hypotheses H , be given by

0' = Un + N 1 20“ ) (310)

Under certain regularity conditions, asymptotically,

. 3.1
LM"[) ~ .\'2(2. L) ( )

where the noncentrality parameter 7 is defined as

=1 1[é e s
’:=[‘§| (52][ _l w"l)‘][():] == ()1'—2(‘).(’2‘{'()2"]/('). .

(3.12)



We note that

Aly=y = No* >0, (3.13)

,{lﬂ,;lzN(a—l)z"’"”>0' (114)

The function / is biquadratic in (8,,5,), where 0,.0, > 0. We see from the sign
of the middle term in (3.12) that certain configurations of values of a® and x will
make A ‘small’. This happens when x > I, ie.. 0, > 0. In words, the joint
presence of heterogeneity and positive duration dependence induces a small
value of the noncentrality parameter, thereby reducing the power of the test
against local alternatives. It is readily seen that for a given o, the minimum value
of 2, which is given by

min A = lg,=s, 0 1= 63(1 = 1/¥'(1)). (3.15)
132> 0!

may still be high if 61 is large. On the other hand. when » < 1. implying negative
duration dependence, the power of the joint score test is increased. The simul-
taneous presence of positive duration dependence and heterogeneity poses
a problem for both joint and separate score tests. reducing the p(\“c} of the
former and invalidating the latter. It may also lead the rc‘scurchcr to under-
parameterize the model.

4. Conditional score tests for heterogeneity and duration dependence

To dCI'lYC exact expressions for the condition
neous Welbull model consider only one restric
heterogeneity this is H,: o

al score tests for the heteroge-

; tion at a time. For the test of

“ = 0. The derivati ] i
: crivation of the test uses the following

expressions:
ll,.= 2 —(m+ 1)
N SEoN '
L—m+1) 1+vQ)+p QA+ m?
1 [ — 1
N”12= v
L m -2
1 -1 0
NIH: _].
| 0 Q




where m = ¥(2) — fo. X' = (1 x}), and E(x;) = 0, E[x, x}] = Q (nonsingular),
E[xx'] = Q. The test statistic is easily shown to be

[s11(0) + (1/% (1)e12(0)]?

LM5(0) = N(l—1/¥(1)

(4.1)

wheres;, =14Y, (e — 2ep)and ¢ =3, (1 + (1 = &) Int;) are, respectively, the
score with respect to ¢ and the score with respect to evaluated at. &=l
Further, 0.2 /0f = ¢,, = 0, since the maximum likelihood estimator of f8 is used.
Analogously the conditional score test for zero duration dependence, viz., Ho;:
o= 1,is

o [sia0) + ey (0)) (42)
LMy O ="Nwwm-1

The reader is again reminded that in general (4.1) and ('4.2? involve improper
conditioning. The case of proper conditioning is dealt with in section 5.

Relationship between the conditional test and some separate 1ests

Given 2 (0,,0. 0150. 025). the likelihood evaluated at the jointly restnct'ed
maximum likelihood parameter values, a separate or partial score test _for (s‘dy)
the first restriction is based on the efficient score for that parameter ignoring
its possible correlation with the second score. For example, assuming % = 1
and testing Ho,: @® = 0 yields the partial or separate test for heterogeneity
[Lancaster (1985)], viz.,

1 -
LM"=NS%I("0). (43)

Analogously, the partial test of duration dependence, Hg,: o = 1, assuming
2 .
6°=0,is

LM[) .\'%'_y‘()(), < (4-4)

TN

Both LMy, and LMy, are z>(1) tests, and though they are quite appropriate
under the joint null, the actual test size will differ from the nominal significance
level under the alternative since in that case the covariance between them is
nonzero. Block diagonality of I'" with respect to 0,, and 0, , is a necessary and



sufficient condition for the joint test to be additive in LMy, and LMy
[Bera and McKenzie (1987)]. However, I'" (0,) is not block-diagonal. Tests
which ignore this may be misleading: see Jaggia (1991) for an empirical
example.

Usually the joint presence of heterogeneity and duration dependence cannot
be ruled out a priori. Hence the joint score test has obvious attractions over the
partial and conditional tests. On the other hand. if the joint null is rejected, one
may wish to test the component hypotheses. Further, for some parameter
configurations the joint test is likely to have low power.

5. OLS-based C(x) test of heterogeneity

The distribution of the test L M<[(] developed above will depend in general
upon unknown nuisance parameters. We desire a properly conditioned test, viz.
the C(2) test, which is asymptotically equivalent to that based on the maximum
likelihood estimates of the Weibull model. Appropriate expressions for the score
and informagon matrix when the data are uncensored and a procedure for
obtaining \/N-consistent estimates are required.

W;gu?]o;s;g:l:ta?e ;(t?rL;fZ:j :)f fH(,: 0.2. =0, s .\'-cnnsis}cnl estimates of the
. : s follows: if ¢; (i = 1. ... .N) are Weibull distrib-
uted, then using y; = In(s;) we can write

V= —Xf/o+ u/a (5.1}
= Xw4+ U
=g+ Xyw;+ U, (5.2)
where u has an extreme value distribution with E(u) = ¥(1) = — 0.5772 and

var(u) = ¥'(1) = 1.6449, ) = pB'/a, and U

= u/2. Hence

= [1.6449 /var (U)]12,

(5.3)
Bo= —aw,— 05772

(5.4)
Br= —aw,.

(5.5)

As o and var (U)
can b i
Weibf]]com(l;tfmly estimated by ordinary least squares, all
o : ¥ ®) y least squares, ¢
el can be estimated. To construct the Neyman

C(a) Ver Sl'On Or the CO"d".() ]Il(,llle S 2 . z 2 ression = ;)
: 18] nal y / "
LMHI U I - J‘i ‘() )J (() )A“‘ (“ ), L [L t we use ‘hL CX L.‘»‘i( ( bl o



6. Monte Carlo experiments: Uncensored observations

Statistics compared: The Monte Carlo experiments are designed to throw
light on the agreement between asymptotic and finite sample distributions when
Hy holds, and to allow comparison between the power properties of six tests viz..
LMy, LMp, LMy, LM [(i]. L M;’,[(;]. and LMy, [(7]. defined as follows:

LMy: separate test of heterogeneity,
LMp: separate test of duration dependence,
LMyp: joint test of heterogeneity and duration dependence,

LM§i[07]: (improperly) conditioned test of heterogeneity
LME')[(;]: (improperly) conditioned test of duration dependence,
LM§[0]: C(x)or properly conditioned test of heterogeneity.

LM§[07 s not included because the expected information matrix required for
computing the variance of the test was difficult to evaluate in this case.

Design of sampling experiments:  Twelve models are used and each simula-
tion experiment is based on 500 replications. In all experiments the parameters
(Bos 1) are fixed at ( — 5.0, 1.0). The variable x, is taken as a random draw from
a uniform [0, 1] distribution and held fixed for all experiments. |

Weibull distributed t; are generated using the relation Int; = — M;/a + w,~v/yoc,
Where M; = x ff and w; are i.i.d. random variables with pdf(w) = exp(w — e 2):
in case of heterogeneity, M, = x/f# + v;, and v; is a random draw from ?z(O, a”)
distribution. To condition on a given vector v, the lognormal het?mgem.:lty e
should be held fixed across all replications of a given sample size. This means
that one is conditioning the test statistic on exogenous Va”_abl_e§’ avd gived
heterogeneity: such conditioning also reduces sampling Var"'f‘b'my RELWEED
alternatives [Jensen (1987)]. However, in a Monte Carlo th|§ may lead to
correlation between tests in different experiments. Hence, fo!lowmg the sugges-
tion of an anonymous referee, for cach replication we make independent draws
of v, p

The convolution of a Weibull with a lognormal heterogeneity distribution
does not lead to a closed form. However, to give the reader some fecl for the
data-generating mechanism being used, it is convenient to rgplace the log.norfnal
by gamma heterogeneity because a closed form is avallable.for.thls ca;e.
(For some parameter values lognormal will be a gogd APDIEE O tol: (:
8amma in any case.) For the Weibull gamma mixture it is known tha




Table 1
Actual rejection rate of Hy at 5% nominal significance level Inﬁrﬁvafdcl\ ,I 1C

N =50 N =100 N = 200 N = 500 N = 200 (censored)
LMy 22 6.8 3.8 3.0 6.8
LMy 5.6 4.6 5.0 44 6.2
LMy, 34 438 4.4 34 78
LM§[0] 312 34 30 26 7.2
LMy[0] 4.2 5.0 4.2 5.2 6.2
LM§[0] 8.4 7.8 7.0 5.7 NA

E(tilx;) = exp(xi f/2) B2 "o > —x ']J/x 'a ** where B[...]is the beta
function [see Lanacaster (1979, p. 952)]. It is casy to verify that E(r,) is
decreasing in a (given o) and increasing in o2 (given x). The difficulty of
inferring whether the data are characterized by small x and large o, or large
a and small a2, is referred to as ‘confounding’.

The twelve combinations of (62, %) are used for the heterogeneous Weibull
model. For Model 1 it is (0, 1.0); for the remaining models the combinations can
be read off from the table 2. The data generation process for Model 1 is
exponential and for Models 2-12 it is either Weibull (x # 1) or exponential
(2 = 1), with heterogeneity (62 > 0) or without heterogeneity (62 = 0). The same
twelve experiments are repeated with Type I censoring, these being referred to
as Models 1C-12C. For the uncensored exponential case [ (¢;]| x; = X) is about
90 with the same standard deviation: for 5 — I, a2 = 0.6, it is 225, for x = I,
a* = 0.8, it is 450. For g2 = 0, the mean duration falls from 480 when x = 0.75 to
about 20 when o = .45,

The results:  For the correctly specified Model 1, the actual rejection fre-
quencies based on the nominal 5% significance level are shown below in table |
for N = 50,100, 200, 500. In the absence of size distortion. this should be around
5% (taking account of Monte Carlo error) and it is close to that value. This was
also found to be the case for 10% and 1% significance levels. The latter results
are omitted from here to save space. Thus, all tests are satisfactory from a size
consideration.

The upper half of table 2 contains the results for uncensored Models 2-12
and the lower half for censored Models 2C-12C. Models 2. 3, and 4 incorporate
duration dependence (Weibull model) but not unobserved heterogeneity.
Model 2 data are subject to negative duration dependence (x = 0.75) and
Model 3 and 4 data are subject to positive duration dependence (x = 1.3, 1.45).
Since there is zero heterogeneity in this case, the separate heterogeneity test
should, ideally, show a rejection rate of about 5%. This, however, is not the case:
LM, is unable to distinguish between duration dependence and 0ncglectlciil
heterogeneity. The rejection rate of LMy is between 95% and 100% for a
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values of . Thus the separate test for zero unobserved heterogeneity is very
misleading. For the Weibull model the conditional mean of ¢ depends upon 2.
and hence the imposition of the restriction = 1 leads to a modd with misspeci-
fied first conditional moment. Consequently, if one tests H,: a® = 0, the result-
ing separate test cannot have the correct asymptotic size. The conditional score
test based on 0, that are intended to make at least a partial adjustment for the
misspecified first moment, are somewhat more informative. L Mj; [0 ] should
show a 5% rejection rate, but it is 35.6% for x = 0.75 and 0% for x = 1.30 and
1.45. Similarly, even though one would ideally cxpcu a rejection rate close to
95% for LM§,[01], it actually equals 83.7%, 87.8%, and 99.6% for x = 0.75,
1.30, and 1.45, respectively. The properly Condltlomd test, LM, [07, should
perform better than L M7 [()], and it does. Though the conditional test based
on 0 is theoretically incorect, in particular cases it performs similarly to
the test based on 0 and almost always outperforms the incorrect separate
test LMy,.

Now consider the case of Models 5 and 9, where there is unobserved hetero-
geneity but no duration dependence, though L M3, [()] still has a high rejection
probability, unfortunately 2 Mg [0 ] incorrectly identifies duration dependence
in 46.8% and 58.4% of the cases, reflecting the high correlation between the test
procedures.

Models 7, 8, 11, and 12 have heterogeneity and positive duration dependence.
Here L M ; has low rejection probability [ Jensen (1987) reports a similar result ].
The joint test LMy has relatively higher power which increases with the
magnitude of . The conditional tests based on 0 also suffer a reduction in power
for Models 5 and 8 compared with Models 9 and 12, respectively. By contrast,
LM, [()] 18 robust and has higher power in all cases. For all values of . power
increases when o2 is raised from 0.6 to 0.8. Further, even in situations where
a test such as LMy has low power, one of the two conditional tests based
on 0 can have quite high power (Models 8 and 12). Nevertheless, it is prob-
lematic that there are parameter configurations in which all score tests based
on the restricted maximum likelihood estimator have rather low rejection
probability.

To summarize: Separate tests of heterogeneity and duration dependence,
being correlated to an extent that is model-dependent, are potentially very
misleading. The same is true to a much lesser extent for the conditional
score tests based on restricted maximum likelihood. The joint test is less
misleading than the separate test but its performance is also model- dependent.
being most unsatisfactory when positive duration dependence and unobserved
heterogeneity occur simultaneously. The best test is the C(x) test. For the
practitioner, conditioning on restricted maximum likelihood is convenient: the
Monte Carlo results suggest that this is generally preferrable 1o the separate
tests.



7. Monte Carlo experiments: Censored observations

Since in practice most samples include (right-)censored observations of t;, we

investigate the performance of the above test procedures to censoring. Currently
no clear conclusions on the sensitivity of conventional diagnostic tests to
censoring are available in the literature [ Neumann and Horowitz (1989)]. Tests
developed for uncensored data can be expected to retain their properties for
low degrees of (Type I) censoring. An important practical issue is whether
the performance rankings for the uncensored case carry over to the censored
case.
A difficulty in the application of score tests to censored data arises from the
fact that the expected Fisher information matrix depends upon the censoring
mechanism with unknown parameters, thereby requiring additional assump-
tions if it is to be used. One approach is to use the OPG form of the information
matrix, or the sample Hessian of the log-likelihood. Efron and Hinkley (1978)
advocate the use of the sample information matrix as an estimate of the
unknown expected Fisher information matrix. We use the OPG estimator.

Design of sampling experiments:  We use Type I censoring in our experi-
ments, which can be induced in practice by a finite observation period. In this
case t; = min(7,, L), where 7, are completed durations and L is the ccnsored
duration, 7; < L. The same twelve experiments reported in the previous section
are run with a fixed censoring point £, chosen by trial and error. to yield about
20-22% censored observations. Other features of the sampling design are left
unchanged to facilitate comparisons with the uncensored case. Sinc“: we do not
have the regression equivalent of the censored Weibull model, only hyc lcs.ts are
compared; the C(x) test is omitted. The experiments 212 summarized in the
upper half of table 2 are renumbered 2C to 12C in the lower half, where the
suffix C indicates censoring. ‘ .

The last column in table gives the empirical size of the hve' tests at 5_/o
nominal significance level. In comparing it to the corresponding figure in
column 4, the reader is reminded that the differences reflect partly l_hc pure effect
of loss of information from censoring and partly the effect of using the OPQ
estimator of the information matrix. A difference from the uncensored case is
that there is a slight tendency towards overrejection of the true null in the
censored case. _

In Models 2C, 3C, and 4C, where the data are generated by models with
duration dependence but no heterogeneity, there is still a tendency for LMy to
overwhelmingly reject the true null, as was the case for (uncensored) Models 2,
3, and 4 earlier. Though, as before, the conditional tests fare rclgtlvely.bcner
than the corresponding separate tests, the performance of the L M j; deteriorates
4 2 increases. The rejection rate for the false null goes from 4.4%0al o= 0.750to
424% for 2 = 1.45. The corresponding figures for L My are 90.6% and 99.6%,



respectively. A comparison with table 2. upper half, shows that there is a marked
deterioration of performance of LMy [0] in the censored case.

For the heterogeneous Models 7C and 8C. where g’ = 0.6, and Models
11C and 12C, where o2 = 0.8, we again observe the underrejection of the false
null of ¢ = 0 (the ‘cancellation phenomenon’) which was discussed earlier with
Proposition 2. However, for = 1.45 the tendency towards underrejection is
less marked than in the uncensored case. Further, the conditional tests are not
unambiguously better than the separate tests. The confounding effect due to the
joint presence of heterogeneity and duration dependence is present. but in the
censored case it affects separate and conditional tests in different ways for
different parameter values.

To summarize: Standard specification tests applied to censored data, after
approximating the expected Fisher information matrix by the OPG matrix,
will be frequently misleading. However, for the separate as well as the joint
tests, the performance rankings of the tests are comparable to the uncen-
sorcq case. The fact that (improperly) conditioned tests show a sharper
Qeterloratlon in performance suggests that they may be relatively more sensi-
tive to the use of the OPG estimator. Better estimators of the information

:r;lat:lx are required to reveal the pure effect of censoring on the performance of
e tests.

8. Monte Carlo experiments: The case of lognormal and gamma hazards

.“ Is u.seful to have tests with good power properties against a variety of
dlst'rlbutlonal alternatives. For example, from an empirical perspectice it is
desna.ble that specification tests for a heterogencous Weibull model work well
even if the data come from (say) heterogeneous lognormal or heterogeneous
gamma populations. In this section additional Monte Carlo experiments are
reported which help to evaluate whether this holds for the tests developed in
earlier sections,

We evaluate the power of the joint, conditional, and separate tests developed
for the heterogeneous Weibull alternative when the true alternative is either the
heterogeneous lognormal or the heterogeneous gamma. Unlike the Weibull
model, the lognormal model has a nonmonotone hazard in general; the gamma
model has a monotone hazard function.

To generate the data for the lognormal model we use the relation
Int;= — M; + pW,, where W, is an independent draw from a »(0, 1) and
M; = x;p. To allow for unobserved heterogeneity we add the term v; to M.
where v; is a random draw from (0, ¢?) distribution. The shape of the hazard
function for the lognormal depends on p, larger values yielding a more clearly
defined nonmonotone form.



lable 3

Percentage rejections of Hy at 5% sigmificance level for Models THL 8HL: N = 200: true data-
generating process: heterogencous lognormal.

o’ =00 o’ =06
Model IHL JHL JHL 4H1 SHL 6HL THL SHL
p 1.00 0.90 080 0.70 1.00 0.90 0.80 0.70
LMy 662 300 342 83.2 99.6 98.2 934 82.0
LMy 150 64.6 98 4 100.0 97.2 86.6 50.6 238
LMyp 98.6 998 1000 100.0 99 8 98 8 97.2 99.0
LM (0] 972 94 6 904 862 99 8 99 4 97.8 98.8
LM§(0)] 994 100.0 1000 1000 84.2 89.2 92.0 98.0
lable 4

Percentage rejections of H, at 5% significance level for Models THG 6HG: N = 200; true data-
generating process: heterogencous gamma

a’ =00 o’ = 0.6
Model IHG JHG IHG 4HG SHG 6HG
K 0.60 200 3.00 0.60 2.00 3.00
LMy 938 100.0 100.0 100.0 75.8 46.2
LM, 100.0 100.0 100.0 100.0 224 24.6
™ 100.0 100.0 100.0 100.0 87.6 98.2
LMy[9) 56.2 20 24 796 918 92.2
LMy([0] 99.2 100.0 1000 79.4 83.2 99.6

To generate the gamma distributed durations with heterogeneit)f we use t.he
relation Int; = — M, + W, where W, are iid. random variables with
pdf( W) = exp(xw — ¢")/I" (k). x > 0. To introduce unobser\./cd lognormal het-
erogeneity we proceed as before. The gamma hazard function does not have
a closed form but is known to be montone decreasing for x < 1 and monotone
increasing for x > | { Kalbfleisch and Prentice (1980 ch. 2)]. . ‘

The results are given in table 3 for the heterogeneous lognorrpal. @enuﬁed by
the suffix HL, and in table 4 for the heterogeneous gumma._ldenuﬁed by Fhe
suffix HG. They show that the confounding of hctcrogenen); and Fil{ratlon
dependence remains a serious problem. From table 3, where o° = 0: it lS' seenf
that both L My, and 2. M [ 0 ]. especially the latter, have a high rejection rd'le.o
the true null when p = 1. Tests of heterogeneity developed for an alter.nauve
with monotone hazards overrejects the true null when the correct aIFernatlve has
nonmonotone hazards: the confounding effect is even worse In lh'lS case.

For testing duration dependence, however, the cqnditional test is bett;:r.l'ls"f;e
Separate test L. Mp rejects the false null of zero duration depender:’ce in only 1570
of the cases when p = 1, whereas LMb[0] does so in over 99% of the cases.



Considering p = 0.9, 0.8, and 0.7, it is seen that the tests give a better indication
of duration dependence for smaller values of p, but a generally poor indication
of unobserved heterogeneity. When p = 0.7, the hazard function is closer to
being monotone increasing, whereas it is more like an inverted ‘U’ shape when
p = 09 or 0.8. When we have both heterogeneity and duration dependence, the
conditional tests again improve significantly on the unconditional ones; the
superiority of LM¥b over L Mp is especially marked.

The general pattern of the results for the gamma alternative given in table 4is
similar to that obtained when the data were indeed generated by the heterogene-
ous Weibull; compare tables 2 and 4. The conditional test generally performs
better than the unconditional test and the joint test retains high power.
The similarity of the hazard function in the two cases is the likely reason for
this.

9. Summary and conclusion

This paper motivates and exposits the conditional score. including C (x), tests
as useful alternatives to several separate and joint score tests, by reference to
amodel of heterogeneity and duration dependence. By a detailed theoretical and
Monte Carlo investigation of the non-null distribution of a test of duration
depcnden.ce and unobserved heterogeneity, we show that when different tests are
asymptot{cally correlated there is a serious problem of size distortion and of
confounding of the source of misspecification. Hence, the separate tests are
unreliable and potentially misleading.

.The tests investigated are developed for the case of uncensored duration data
with an exponential null and a heterogencous Weibull alternative. However, the
Monte Carlo results show that our general results remain valid even when
durations are censored and alternatives are not Weibull.

As a result of confounding, the heterogeneity tests based on the exponential
null and the Weibull alternative appear to overreject the null. This highlights the
known difficulty of selecting between a model with a more flexible hazard
function and no heterogeneity and one in which the hazard function specifica-
tion is less flexible but the model incorporates heterogeneity. An example is the
exponential model with exponential heterogeneity, which generates the same
reduced form as the log-logistic model with no heterogeneity. Good a priori
information about the form of the hazard would help to solve the identification
problem.

Monte Carlo results suggest that in general the conditional tests have greater
power than separate tests, but their performance is case-dependent, CSpCCi&"y
with censored data. Further, a ranking of their relative power properties 15
ambiguous when the true hazard function is not monotone, but tests ar
developed for a monotone alternative. In contrast, the joint test has excellen!



power properties against non-Weibull alternatives. Thus, the evidence suggests
that conditional and joint score tests are to be preferred to the separate tests.

For the empirical researcher we recommend the strategy of specifying the
most general data-coherent functional form for the hazard function (about
which economic theory is in any case likely to be more informative) that is
computationally feasible, before testing for heterogeneity. If several misspecifica-
tion tests are to be applied, we recommend conditional tests in preference to
separate tests. The paper reinforces the argument that the rejection of the null
does not imply the acceptance of the alternative.
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