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Recent studies have documented the importance of asymmeiry and tail-
famess of returns on portfolio-choice, asset-pricing, value-at-risk and
option-valuation models. This article explores the nature of skewnass and
elongation in daily Exchange-traded Fund (ETF} return distributions
using g, £ and (g x &) distributions. These exploratory data analytic
technigues of Tukey (1977) reveal patterns that are hidden from a cursory
glance at conventional measures for skewness and elongation. The z, # and
{g = #) distributions provide parameter estimates that imdicate substantial
vanation in skewness and elongstion for mdividual ETFs; nonetheless,
some trends are discovered when the funds are grouped by fund size and
style of investing. Monte Carlo simulations suggest thal these explordlony
technigues arc able to capture patterns found i commonly used
Generalized Autoregressive Conditions] Heteroskedasticily (GARCH)
family of models.

i Introduction

This article explores the patterns of daily Exchange-
traded Fund {(ETF) return distributions. ETFs are
mutual funds that trade like stocks. They are
structured  like index mutual funds:  that s,
a particular ETYF contains a collection of stocks
that typically frack an index, like the Dow Jones
industrial Average or the 8&P 500 stock index. An
ETF thus combines the valuation feature of a mutual
fund with the tradability feature of a closed-end fund.
The advaniage of examiming the properties of ETTs
over a particular index arises because ETFs tend to be
more olated from market microstructure noise, such

as nonsynchronous trading, as compared to an index.
In addition to analysing measures of return and risk
for various ETFs, a major goal of this article is to
evaluate thoroughly the higher moments of skewness
and kuortosis. In particular, this article explores the
nature of skewness and elongation in daily E1F return
distributions using g, # and {g x # distributions.
Wumerous studies have documented that the form of
the distribution of returns is a crucial assumption for
mean-variance portfolio theory, theoretical models of
capital asset prices and the prices of contingent claims.'
Statistical inference also relies heavily on distribu.
tional assumptions. If these assumptions are violated,
there are resulting implications for portfolio analysis.



Harvey and Siddigue (20002) show how conditional
skewness explains a significant part of the variation in
returns even when factors based on size and book-to-
market value are added to the asset pricing model
Dhttmar {2002) incorporates skewness and kurtosis to
the asset pricmg model and his results mmdicate that
nonlinearities substantially improve upon the model’s
ability to describe a cross section of returns.

Hansen {1994) introduces the generalized Student’s
r-distribution to model innovations of 3 Generalized
Autoregressive  Conditional  Heteroskedasticity
{GARCH) maodel, This two parameter distribution
is asymmeiric and allows excess kurtosis, which can
also be used to model tme-varving conditional
higher moments (Jondeau and Rockinger. 2002
Christoffersen ef of. (2006) develop 3 model of stock
returns that allows for skewness as well as conditional
heteroskedasticity and a leverage effect. They then
introduce an option pricing formula consistent with
this model. Using S&P 300 stock options over the
period 2 Janvary 1990 through 31 December 1992, in-
sample and up to 10 weeks out-of-sample perfor-
mance of their model achieves & betier fit than
standard GARCH models.

Maost empirical studies calculate skewness and
kurtosis as an average and find that stock market
relurps have negative skewness and severe excess
kurtosis. Given the presence of outliers, however,
conventional measures of skewness and kurtosis may
be quite inadequate in capturing the true behaviour of
financial returns. Kim and White (2004) show how
a single outlier can dramatically influence conven-
tional measures. They conclude that one must look
bevond conventional measures of skewness and
kurtosis to gain insight inte market returns behaviour.

In order to analyse ETF returns, this article
follows the exploratory data anpalvtic techniques
first suggested by Tukey (1977) and later applied to
a housing allowance demand experiment by Hoaglin
{19853 These techniques are simple to compute and
allow large flexibility and robustness in their [itting.
Badrinath and Chatterjee (1988) apply this technique
to daily and monthly returns on the Center for
Research in Security Prices {CRSP) equal-weighted
and value-weighted market portfolios covering the
period July 1962 through December 1985 They
conclude that the distribution of the market portfolio
18 adeqguately explained as a skewed and elongated
distribution. In subseguent work with daily common-
stock-return distributions. Badrinath and Chatterjee
{1991} find substantial varation i the parameter
estimates for skewness and elongation for mdividual
firms, butl discover some trends across industry
groups and {irm sizes.

Mills {1995) also uses exploratory data technigues
to exarmmine the distrtbution of daily returas of three
London Stock Exchange indices over the period
1986 fo 1992, He too concludes that returns are both
skewed and extremely kuriotic. However, he [linds
that the deregulation of the stock exchange in
October 1986 and the run-up and aftermath of
‘Black Monday’ (the market crash of 19 October
1987} alter the shape of the return distributions guite
dramatically. Dutta and Babbel (2005) use the
gxploratory data analysis on 3-month London
Interbank Offered Rate (LIBOR) data as imphed
by ifs option prices. They find that the implied
distribution s modelied more accurately by the g, #
and (g distnbutions as compared to  other
commonly used distributions.

The coniributions of this article are threefold:
{1} to explore the nature of skewness and elongation
in daily ETF return distributions using g, £ and
{g x B) disiributions proposed by Tukey, (2) to search
for patterns of skewness and elongation over different
classes of ETFs {categorized by fund size and style of
investing} that may enahle investors to make more
careful decisions in thelr portfolio selection and (3) to
use Monte Carlo simulations 1o apalyse how well
these exploratory technigues capture patterns found
in commonly used GARCH family of models.

The rest of the articke s orpanized as follows,
Section I} summarizes elemenis of the g & and
{g = &) disiributions and the estimation procedures.
Section HI prowides descriptive statistics of the
sample data and presents the results. Section IV
uses simulation based on GARCH models to analyse
the sampling behaviour of the g, / and (gxh)
estimators. Section ¥V concludes and discusses impli-
cations for portfolic diversification models and
portiolio selection.

i, The g, / and {gx k) Distributions

Skewness and the g distribution

The skewness of a distribotion 1 judged 1n terms of
its departure from symmetry. In this application, the
random variable X is defined as the daily return on an
ETF and £ 13 2 standard normel random variable
such that

X = A4 BY,(Z) (1)

where

Y(Z) =

lexe2) - 1) (b

H



The paramelers 4 and B refer to the location and
scale of X, respectively, The function Y{(Z) is said
to have the g-distribution where the parameter g
controls the amount and direction of skewness; thus,
a value of g=:0 corresponds to no skewnaess.

in order to estimate g, we implement the approach
suggested by Tukey (1977); that is, we let x,, xy_,. 2,
and z,_, represent the p-th and (1 - pjth percentiles
ol the random varizble X and z standard normal
random  variable £ respectively, where p < 0.3,
Rewriting Equation la for the p-th and (1 - p-th)
percentiles gives

xp, = A+ B/g*[explez,) — 1] (2a)

and

Xi—p = A+ Big* [explgniop) ~ 1] {2b}

Noting  that  zp=-—x_, amd xgs=A+ 5/
g¥lexp{g*) —1]== 4, it follows from dividing
Eguation 2b from Equation 2a and solving for g

%‘%t idSZ
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Thus, g, measures skewness in terms of the logarithm
of the relative distances of the (1 — pith and the p-th
percentiles from the medivn. Mulliple estimates ol g
may be obtained from Equation 3 by using selected
values of p. These estimates provide a swmmary of
how skewness changes across the sample and
informative plots. If' the estmates of the g,’s are
more or less conatant, then the median of these values
can be used as an estimate of the overall skewness.
in addition, the variation m these estimates provides
information on the stability of the median estimate
of g

In some cases, the median may provide a good
sstimate of g. but the power of this particular
methodology stems from being able to focus on
different percentiles of the distribution. The tvpical
approach to choosing the percentiles is to use letter
values; the seguence of percentiles is chosen such that
p=1/2 corresponds to M (median), p=1/4 corre-
sponds o F  ({fourths), p=1/8 corresponds to
E {eighths) and so on, such that p=1/16, 1/32
164, 17128, 17236, etc. are D, C, B. A, Z. etc. By
delinition, the letter values pay more attention to the
taifs of the distribution than the middle since the tail
area s repeatedly being halved.

If the data are symmetric, the median is the point
of svmmetry and sach pawr of letter values must be
symmetrically placed about the median. That s, the
lowest fourth of the distribution will be as far below

the median as the upper fourth i3 from the median,
A simple way to check on symmetry 1s to define a set
of mudsummaries, one for sach pair of letter values,
The sudswmmary s the average of the two letter
values (upper and lower) or v, +x_,} (The
distance between the upper and lower values for
any letter value, [x, — 3y, is called the ferter spread
and the positive distance between the median and any
letter value is called the Adglf-spread.) In a perfectly
symmetric distribution, all midsummaries would be
equal to the median. If the data were skewed to the
right, the midsummaries would increase as they came
from the letter values further into the tails. For data
skewed to the lefi, they would decrease. If apparent
skewness i3 due to ong or two stray values, only the
most extreme letter values and midsummaries would
he affected.

In order to analyse skewness graphically, 3 plot of
the sample upper values against the lower values
should Torm a line with slope squal 1o —1 if the
refurng are symmetric about the median. A numerical
estimate of the dope can be oblamed by regressing
sample upper values against sample lower values.
Testing would then reveal wheather or not the slope is
significantly different from —1.

Elongation and the h distribution

Elongation refers to the streteh of the tails of
a disiribution. A more elongated distribution gives
greater probability to outcomes that are quite notably
more extreme. Since there is no naturs! standard as
symmetry 1s for skewness, a common practice is to
use the Gaussian distribution as the standard when
measuring elongation. In this section, we analyse
elongation in the presence of symmetry. The random
variables ¥ and Z are those previously defined
such that

X = A+ BY {4a)
where
VA A exp{§§&> (4b)

The function ¥,{7} i3 said to have the i distribution
where the parameter £ measures the elongation
{or kurtosis) of X If h=0, thers is no elongation
relative to the Gaussinn distribution; for 2 > 0 or
fi < 0 the distribution exhibits thicker or thinner
tails than the Gaussian distribution, respectively.
Analogous to the procedures used earlier, an
estimate of & s oblaimed by first rewriting
Equation 4a for the pth and (1 —pith percentiles



of X, noting that z,=-z,_, and subtracting x,_,
from x,. This process vields

. e
b ol B exp (h" ) (5)

s
2z, 2

The numerator on the left-hand side of Equation 5
i% the leiter spread while the denominator measures
the corresponding distance {letter spread) for a unit
normal random variable. This value is defined as the
pseudosigma, or pesigma, and it measures the extent
to which a distribution is more glongated than the
Guussian distribution. That is, a value of p-sigma
greater than one wmplies 3 distribution with thicker
tails than the Gaussian distribution. An estimate of /i
i obtained by regressing o p-sigma) against z7/2
for selected percentiles.

Skewness, elengation and the (g x i) distribution

Since skewness may induce elongation, or both may
exist in a distribution, & joint assessment is necessary.
Here, the {g x &) distribution is obtained by mult-
plying the g and & distributions, Now the random
variables X and Z are such that

X A+ BY, 2) (6a)

where

g

£} B2
YeulZ) = (;f—){expkzé?} - l}exp( ) (6b)

~
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In order to estimate 4 conditionally on g, or A%,
we rework Egquations 6a and 6b as done earlier to
arrive al

2

(% = 1) ) ( “r .
= Bexp {7}
) 2

(explgzy) — exp(—gzp

The left-hand side of Equation 7 is called the
Corrected Full Spread (CF5), and an estimate of ir¥

can be obtained by regressing In(CFS) on 2272,

i, Deseriptive $tatlstics and Results

Date ond descriptive statistics

The data for the sample wre the time series of the daily
adjusted closing price (adjusted for dividends and

splits) on an ETF that was conlinuously traded from
1 Jaruary 2003 to 31 December 2007, We calculate
daily returns for each ETF as logarithmic price
changes, that is, In{po— Iz The source of
the data is provided by hitp/finance.vahoo.com.
The total number of ETFg in the sample i 112 and
for each ETY therc are {238 days of data. For
detailed analysis, the sample is partitioned into six
groups. Funds are Arst clasufied by fund size;
subgroups are {a) small funds {23) and (b) large
funds (89). The size divisions reflect those used 1n the
Morningsiar investment style box. Given fund size,
funds are then classified by style of investing:
subgroups gre {a) value, (B blend and {©) growth,
The appendix provides a defailed explanation of how
the funds are grouped with respect to size and
the style of investing.

Table | reporis summary statistics and conven-
tional measures of skewness and excess kurtosis® for
the data set as a whole as well as each of the six
subgroups. The average daily return and SDd for the
entire data set arc 0.062 and 1138%, respectively.
The entire data set and all subgroups display
skewness that is. on average, negative; however, the
skewness coeflicient over the enlire sample ranges
from —0.65 to 0.78. Not a single lund in the Small
vedue ov Smigl blend subgroup has g positive skewness
coefficient. In addition, the average skewness coeffi-
cient for the Small vafue subgroap vields the most
negative value, while the corresponding statistic for
the Large growrh subgroup generates the least
negative statistic; interestingly, these two subgroups
have relatively low excess kurtosis.

A relurn distribution with positive skewness has
frequent small losses and a few extreme gains, while
a return distribution with nsgative skewness has
frequent small gams and 3 few extreme losses,
Investors are likely fo be atiracted by positive
skewness because the mean return falls above the
median (see Elton ef o/, 2003 Reilly and Brown,
2003, and the references therein). Relative to the
mean return, positive skewness amounts to 2 limited,
though  frequent, downside compared with
a somewhat unlimited, but less frequent, upside.
Harvey and Siddique C0005) show that an investor
may be willing to accept negative expected return in
the presence of large positive skewness,

Theentire sample and all subgroups are, on average,
more clongated than the Gaussian distribution.

“We have alo replicated this study using marker adjusted returns computed as Tad /o, ) — In(m,/m,_,), whete m, represents
the market (S&P 300) price at ume ¢ The results are broadly sumilar to those using unadjusted returns. These results are not

included m the article for the sake of brevity.

“Excess kurtosis 8 defined as kurtosis -3 for the Gaussian diiribufion, kowiosis egrnals 3. A positive {negative} value of
excess kurious implies a disintbution that is sipuitaneousiv more {fess) peaked and has fatter {thinner) tailz than the Gausstan

disiribugion,


http:jfinance.yahoo.com

Table 1. Daily return characteristics of the sample of ETFs

Mean sD Skewness (mm, max) Excess kuriosis AN
Eatire sample 0.062 £.138 018 {—6.65,0.78) 249 112
Farall value 0.062 Lo72 ~0.41 {—0.57, ~8.21} 174 o
Sl Blend 0058 6.980 ~{0.26 {030, ~03.22} $.55 &
Swall grewh 0.061 1.363 (.12 {—8.39,0.26} 141 9
Large value 0.064 1.083 (.22 {~8.65 (.21} 240 34
Large blend 0.087 1117 —0.18 {—0.55,0.78) 381 29
Large growth 0.053 1.219 -0.07 {(—0.42,0.25} 1.69 25

Nores: Al returns are in percent per day,

Excess kurtosis = Kuartosis — 3.

Most notably, the Large value and the Large hlend
subgroups, the subgroups containing the most ETFs,
have the highest average excess kurtosis coellicients,
Such return distributions have a greater percentage of
extremely large deviations from the mean return. Most
mvestors would perceive a greater chanee of extremely
large deviations from the mean as increasing risk.
In fact, not a single ETF in the sample has negative
excess kurtosis which would imply thinner tails than
the Ciaussian disiribution. However, the Small blend
subgroup has an average kurtosis coefficient of .53,
Further analysis will reveal that some of the funds
from this subgroup have elongation comparable to
that of the Gaussian distribution.

Assuming for a moment that the means and the
SDs are not significantly different from one another
for the various subgroups, an investor may be
inchned to avoid Smafl value and Small blend ETFs
since all funds in these subgroups lack a positive
skewness statistic. Further, an investor contemplating
purchasing an ETF in the other four subgroups might
focus solely on the fund within each subgroup with
the maximum positive skewness and the smallest
kurtosis statistic, However, these conventional mea-
sures of skewness and kurtosis do not reveal anything
about the behaviour of skewness and kurtesis across
the different tails of the distribution. Moreover, it is
not possible (o isolate any patterns from the data
using only one measure. A more thorough analysis of
the data will reveal patterns that are hidden from
a cursory glance at the conventional measures for
skewness and kurtosis, In many instances, an investor
equipped with this detailed information might make
a radically different decision on which ETF to either
purchase or avoid.

Results Fom appldng the g- and h-distributions

For expositional purposes, the ETFs with the
mamimurn and maximum skewness  coefficients
from cach subgroup arc sclected for analysis

Table 2 reports the Sharpe ratio, conventional
measures of skewness and kurtosis, as well as the g,
A and A* statistics for each of these ETFs, In generzl,
funds with a negative {positive} conventional skew-
ness cocfficient vield negative (positive) median g
values. There are funds, however, for which the
relative mazmiude of the robust messure given by the
median g value is not consisient with 1ts conventional
skewness coefficient. For instance, BBZ Internet
HOLDRs and Bioteeh HOLDRs have similar skew-
ness coefficients with values of 026 and .25,
respeciively: however, the median g value of Biotech
HOLIDRs (0.05%) 18 more than three times that of
BH2 Internet HOLDRS value (0.019). Moreover,
BLDRS Developed Markets 100 ADR Index gen-
erates the highest skewness coefficient in the entire
sample, vetf its median g value of 0.032 is by no means
the highest value. BLIDRE Emerging Market 30 ADR
has a slightly more negative skewness coelficient
when compared to the value for shares MSCI
Ausinia Index, —0.42 versus —0.39, respectively, but
its median g value is more than three and a half times
less negative than that for ishares MSCI Austnia
index., -0.016 versus —0.058, respectively. These
results point 1o the fact that simply analysing the
conventional measires for skewness and kurtosis may
be misleading.

It is interesting to note that those ETFs with
negative skewness tend to have the higher Sharpe
ratios, Even though the Sharpe ratio does not melude
skewness and/or kurtosis exphiatly, studies have
shown thai these higher moments are inhervently
priced. For example, Leland (1999) develops a model
of market returns to show that investors seem (o
ocutperform the market if they are willing to accept
negatively skewed returns.

Arguably, it appears as if ETF managers are
i osome way Cselling nsk” o order to maintain
good Sharpe ratios. Similarly, managers following
a strategy of lmiting downside sk are incorrectly
underrated.



Table 2. Higher moments of the sample of ETFs

Sharpe ratic®  Skewness Kurtoss Median g k i
Serrall value
Ishares CobendeSteers Rey Majors (.04 .57 2.54 ~0.102°  0855° 0049
Ishares Russell 2000 Value Index ¢.038 4321 G.73 ~0048" 0020 o
Sl blend
MidCap SPDRs £.047 —£.30 (.42 ~0.075% 0003 G003
Vanguard Ext'd Mkt Ind VIPERs  0.055 —3.22 .46 —8.037 .00 0,000
Sl grreweh
Ishares MSCY Austria Index (.087 —.39 237 ~4.058%  0u70° o
BR2 Internet HOLDRs 4.009 (.26 4.19 0019 NA®  NA
Large value
SireetTRACKS DI STOXX 50 4.048 —~0.65 5.19 —0058° 01010 0099
Telecomhidrs HOLDRs 4.032 021 5.13 pass e 116
Large blend
Exhares MBCT Australiz Index 0.072 —~{.5% 2.1G 0079 00560 10547
BLDRS Asia 50 ADR Index 4.038 0.7 36.55 0.032>  gogee 0.28¢¢
Large growth
BLDRS Emerging Market 50 ADR  0.059 .42 5.85 —0.016°  0.119° 0.11¢¢
Biotech HOLDRs 0.036 0,25 174 0.059° 0085 Gossl

Notes: ¥The Sharpe ratio is caleulated assuming a risk-free annual interest rate of 4%.

"When upper values are regressed against lower values for the relevant subgroup, the slope is significantly
different from —1 at the 5% significance level - mdicating that the distribution 11 notl symmeiric,

“When In{p-sigma) is regressed against 2272, the estimate of 4 {the siope} i significantly different from O af
the 5% signilicance level ~ mdicating elongation that deviates from the Gausagn distribution.

FWhen ICFS) is regressed against o272, the estimate of 4% (the slope) s significantly different from & af

the 5% significance level

indicating clongation that deviates from the Gaussian disiribution.

“The values for b and 2% are not avarlable (NA) for this Tund doe 1o The extranrdinary number of (104 return

values in the sample.

For a more detalded analysis of the g+ and
h-distributions, we focus on the two funds within the
Larpe blend subgroup, Within this subgroup, the ETF
with the most negative skewness is the ishares MSCI
Australia Fund {symbol EWA) with a skewness
statistic of —~0.55. while the ETF with the most
positive skewness is the BLDRS Asia 530 ADR Index
Fund {symbol ADRIDN with a skewness statistic of
§.78. What is particularly striking about ADRID is the
kurfosis coefficient of 36.55, & value approximately
15 times the average kurtosis coefficient value in the
entire sample. Tables 3 and 4 present sample upper
and lower letter values as well as midsummaries for
13 percentiles for these two ETFs.

One should recall that lor a symmetric distribution,
a plot of the upper values against the lower values
would form a line with a slope equal to 1 ~ implving
fetter values that are eguidistant from the median.
For EWA, when the upper letter values are regressed
against the lower values, the slope has a value of
~{.87. Further, this wvalue s statistically different
from the valae of —1 at the 5% significance level. The
vesults indicate a rather substantial departfure from
symmetry — a result reinforced once the g ovalues

arg analysed, For ADRID, a regression of the upper
values against the lower values reveals a slope of
— 1,14 that also s statistically different from —1 at the
3% level; however, posifive skewness 1§ implied here
since |—1.14] s greater than |-1.00[, and an inspec-
tion of the midsummaries (Table 4) indicates values
that pventually increase as one moves further into
the tails.

In order to further capture the behaviour of
skewness in refurns, g values are estimated for
different letter values according to Eguation 3 and
are presented in Tables 3 and 4. In general, a series
that exhibits constant values for Us estimates of
g tends to have a simple pattern of skewness; the
lognormal distribution is such an example. For EWA
the median gvalue s —0.079 and 12 of the 132 values
are negative; however, there is considerable variation
in the magnifude of the values. An examination of
ADRD reveals a median g value of 0.032, however
four of the 13 values are negative. The paiterns of
skewness in these series are far from simple and
suggests that they cannot be adeguately explained by
skewness coefficients of —0.55 for ADRD and 0.78
for EWA,



Fable 3. ishares MSCT Australia Index Fund, | Janwary 2003-31 Decombor 2007

Letter values for EWA

Lower Upper Loy widsummary z psigma Corrected prsigma
{1y 2} {3} {4) (5} {6} {7
0.162 0.162 i 162 o

—i1.538 0,896 ~0.674 0179 0071 1.063 1043
~1.186 1,408 - 1150 0111 ~3069 1,137 1.136
—1.790 1.854 —L.534 (1L032 ~0.093 1188 1185
~2.594 2.307 —~L863  —(L144 —~0.435 1316 1311
~3.437 2678 -2.454 (L3580 ~0.166 1420 1413
—4.039 3106 -2.418 0437 —.139 1490 {.481
—4.379 3.498 —2.600  —{1.440 —0.116 1481 1.470
~4 895 3325 —21886 L5315 -~ 12 151 1.498
~5.443 4.546 -3.097  —0.448 —0.079  1.013 1.386
—5.716 5220 ~3.297 0243 —0445  1.660 1.641
—5.858 5636 -3.487 L1l —-04027 1648 1627
—5.530 5.840 -3.668 0045 0019 1.604 1.582
-5.965 5942 ~3842 0,012 ~8015 1,550 1.5%6

Note: Columns 1, 2, 4, 6 and 7 are presented in ferms of percentage retuins.
defimtion of terms.

Table 4. BLDRS Asia 50 ADR Index Fund, 1 January 200031 December 2007

See text for

Letter values for ADRD

fLower Upper & Midsummary z psigmma  Corrected p-sigma
(1 2 ETR 5y (6 (7}
H { 0 &

—8.409 0.579 —3.674 0.085 8.516 4.733 3732
£} 345 1.097 ~1.15 0.076 013 0888 0.887
~1.554 1.&811 ~1.534  0.029 G024 1.432 1031
2. 278 2.264 ~1.863 ~0.007 ~34003 1219 1.219
-3 178 3137 -2.154 --0.4021 ~{4006 1448 1.485
—4.917 4858 -2.418 0429 =405 2022 2020
— & 80K 11.532 -2 66{ 1.362 4101 3823 1819
~13.346 12,166 —~2 886 0090 ~ 005 4.247 4241
14055 14,422 ~3097  0.183 0008 4.597 4.590
- 14 892 16.529 3297 0818 6032 47985 4756
—15.219 17.701 — 3487 1.241 G043 4.720 4.711
— 35383 IR.2RT — 3668 1452 1047 4.389 4.579
—15.465 18,580 — 3842 1388 G048 4.431 4,424

Note: Columns 1, 2, 4, 6 and 7 are presented i ferms of percentage remrns. See text for

definition of lenns,

In order io determine whether the return series has
thicker or thinner tails than the Guussian distribu-
ton. p-sigma estimates are calculated for dufferent
letfer values using Bguation 5 and are presented in
Tables 3 and 4. A p-sigma value of 1 implies neutral
slongation or that of the Gaussian distribution. An
inspection of Table 3 reveals p-sigma estimates for
EWA thal appear greater than 1, suggesting fatter
tails than the Gaussian. According to Table 4, the
p-sigma estimates for ADRID are even greater than
those ebtained for EWA. An cstimate of /i is obtamed

for each ETF by recressing In{p-sigma) against z2,2
for the selected letter values. The h estimates for
EWA and ADRD are 0.056 and 0.289, respectively,
Further testing reveals that the estimates of # for
both funds are significantly different from O at the
3% sigmificance level reflecting fatter tails than
the Gaussian ~ a common result with financial
retnrn data.

In the above analysis of elongation, an implicit
assumption of symmetry was maintained. Since
skewness may induce clomgation, a joint asscssment



i necessary,  Using median g estimates  and
Eguation 7, corrected pesigma estimates are calcu-
izted and are presented in Tables 3 and 4. Finally,
sstimates of 2% are obtained by regressing in{CF5) on
7272 for the selected letter values. The /* estimates
for EWA and ADRD are 0034 and 0(.289,
respectively, where both eslimates are statistcally
significant at the 3% level.

Within the Large blend subgroup, judging EWA
based on its conventional skewness statistic of —0.55
and kurtosis statistic of 2.10 would appear to he
misguided. Exploratory data techniques for this fund
reveal a small negative median g estimate as well as
an b estimate that s significantly different from 4.
Fuarther, since FWA s ¢ estimatas are quife variable
across percentiles even the median estimate 18 not
represeniative ol its overall skewness, Similar findings
are found once the other subgroups are analysad. For
example, within the Small blend subgroup, the
Vanguard extended market index VIPER fund has
one of the higher Sharpe ralios, but 3 negative
skewness coefficient of —0.22 and a kurtosis coeffi-
cient of 0.46. Further, this fund has a median g
sstimate of —0.037 and # and #* estimates of 0.004
and 0.080, respectively. When upper values are
regressed  against lower values the slope is not
statistically  different  from  —| wdicating
a distribution that i more or less symmetric.
In addition, the estimates of & and A% are not
significantly different from 0 - reflecting elongation
comparable to the Gaussian distribution. An investor
who avoids this fund on the basis of its relatively
large negative skewness coefficient and kurtosis
coelficient of 0.46 might be making 2 poor decision,

. Simulation Based on GARCH Models

The GARCH models are used 1n modelling financial
fime series that exhibit time-varying volatility cluster-
ing. for example. periods of swings followed by
periods of relative calm. These models have {urther
been extended to imclude tme-varving conditional
higher moments. As mentioned earlier, the explana-
tory data analysis of Tukey is attractive lor its
computational ease. It 1s also considered robust to
complex patferns of skewness and kurtosis in
distributions. In this section we study how well this
exploratory analysis captures the patterns found in
commonly wsed GARCH family of models where
the higher moments may or may not vary over
time. In particular, we simulate data based on such
models o analyse the sampling behaviour of the g, &
and 7% cstimators.

Consider  continuously  compounded  returns
r,=W0*In(P/P,_ for f=12,...,7. where
e iyt The GARCHOL 1) models the residual
of a times series regression as e —o,z, where =z, is
i, with #(z) =0, Var{z; — | and conditional vola-
tility is specified as of = ap + Bos | + oot We use
1000 observations to simulate the GARCH modelsy;
in fact, 1050 observations are considerad but the first
30 ohservations are discarded to remove any influ-
ence from initial values. The choice of parameters is
consistent with the available svidence on market
returns. In particular, we use p=0.01% 0, =0.930
along with 4,=0.06, £;=0.05 and ¢,=090 for
the analyss.

The above parameter values are wsed to simulate the
GARCH models where the residuals are drawn from
the Gaussian, Student’s ¢-, and generalized Student’s ;-
distributions. Although the Student’s sdistribution
allows for variations in the tall thickness, it i
considered resirictive since if I8 not consistent with
# stylized Taot that stock market returns gre skewed,
The generalized Student's f-distribution offers flex-
1bilily in that it pot only allows excess kurtosis (as in
the standard Student’s edistribution) but also skew-
ness {(Hansen. 1994), The two parameter density
function of this distribulion thas is pormalized to
have zero mean and unil variance is

P
Lt

oy {2
bl 1+ = {ltdy” ’ T —alb
[ !

gizln, ) = 2y "2
fm(i A+ (”) ) 2z ~afb

5%
{8)

where 2 <<y < oo and —1 < 3 < 1. The constants are
given by

w2 3 3 s
o= dhe T b H* = 1ok 305 — ¢ and
i
7 hah
o ({(n+ 11/ 2} %)

BRI

This generalized distrnibution allows positive (L > )
as well as negative (0 <) skewness, Further it
specializes 1o the Student’s i<distribution when A =10
and 1o the Gaussian distribation for A = 0. 5 — o,
For smmulations. we use the degrees of freedom
parameter y==6 to allow for excess kurtosis. For
departure from symmetry, we use A=-025 for
negative skewness and A==0.25 for positive skewness.

Kim and White (2004) use Monte Carlo simula-
tions 10 demonsirate  that  the conventional
measyres of skewness and kurtosis are very sensitive

mean which is known to be an inadcquate measure



Table 5. Simulstion analvsis of the g, & and {g = &) distributions, GARCH medels with constant higher moements sinalated with

the Ganssiso and Stadent’s sdistributions

Craussian

Stdent’s r {df=n=16)

Bratistios e i

i z i ®

Median {(Mean} 4.000 (0.000)  —0.019 (—0.019)

—0.420 (—0.018)

0.000 (0.000) (LOSE (0061 4.057 ((L060)

Fosi{Psas) —L075 (0.078)  —0.051 (0.020) —0.051 (0.019) —0.122 (0.132y  —0.001 (0.162)  —0.001 (0L161)
Py < {FPos 5} ~3.037 (0.039)  —0.043 (3.010) —~0.043 (0.010) ~3.093 (0.093) G011 (0129 0010 (0.128)
Pl Posh ~{1L048 (0.049) 0040 (0.003) (L0406 (0.005) —~ 3078 Q077 G017 (0114 0017 (0114
Pas{Pys} —019 (0019 —0.028 (-0.0100  —0.028 (0010, —0.032 (0.032 0.040 (0.078) 0,039 (0.077)

Nows: Resully are based on 5000 replications using a random sample of 1000 observations drawn [rom the varicus
distributions. An allowance is made Tor outliers. P, denoctes the x-th percentile value of the bootstrap distributions of g 4

and A%

Table 6. Simulation analysis of the g, & and (g x &) distributions, GARCH medels with constant higher mements simalated with

the gencralized Student’s f-distribution

a=0; A=—-025 p==0 A=025
Statistics & k h* £ h h®
Moedian (Meany  —0.167 (—016T) 0.056 (0.060) 0.047 (0G50 0167 {0.167) 6056 (0.0 0.047 (0.050
Fosi{Pou s} ~1.290 (—0.041) 0002 {0.168) 0010 (6.132)  0.0637 (0293 0003 (0175 -0.010 (0.159)
Py s{Par s} —0.258 (—0. %0_) 0.009 (0.131)  0.001 (0.118) 0.069 (0260) 0011 (0.131)  0.002 (0.117)
PP} ~A{}.244 (—~(.085) 0.016 (0,114 0.007 {0103y 0086 (0.245) 0017 {0.116) 0.008 (0.103)
Fra5{ Fos} ~Eh 199 (3 130) D38 {0.078) 0.025 (6.067) G135 (0199 $.038 (0.078) 0.029 (0.067)

Notes: Results are based on 5000 replications using a random sample of 1000 observations drawn from the various
distributions. An allowance is made for outliers. P, denofes the x-th pereentle value of the bootstrap distributions of g, &

and A%,

in such imstances. Although they do not consider
the g, h and A* wsatistics in their analysis, they do
offer some other robust measures from the statistics
Hierature. We  follow their approach and  use
a mixture distribution that allows for outliers.
In particular, if {r,} s generated from D{u, o) with
probability p and from D{pa o) with probability
i — p, then the random numbers used for simulations
are generated by (0D, o)+ (1 — piD{pen, &a). 1n the
presence of cutliers { p < 1), we need to determine the
velationship of {ua,00) with (i, o). Following Kim
and While, we use the daily S&P mdex returns to
approximate p=0Y9988, 2= 7 and o, = 100,
We use 5000 replications in our Monte Carlo
analysis. The bootstrapping technique is used to
analyvse the sampling properties of the g, £ and #*
sstimators sinee their theoretical distribution s not

known. These simulations shed light on the ability of

the g, 4 and A% siatistics to capture excess kurtosis
and skewness when the data are generated by
a GARCH process with outliers. In particular we
wse the percentile method which, for a given
significance level o, simply uses the o/2 and
{1 —e/2} percentiles of the bootstrap distribution
to define the (1—e)100% confidence micrval for

4 given pargmeier, The confidence interval 18 then
used Lo conduct a two-sided test for g0 fand 2% For
instance, the null hypothesis, Hyz=0, i3 rejected at
a given o if the percentile mterval, [£,0. Pi_ynl, for g
does not include the hypothesized value of zero.

In Tables 5 and 6 we report some descriptive
statistics for g, 4 and &% in the GARCH wmodels using
the above-mentioned distributions for innovations.
When the distribution is Gaussian. the sample mean
and the sample median of g are both zero, implying
that there is no evidence of skewness in the data.
Further, since the 95% confidence interval for g using
Py s and Poy s i given by [— 00587, 0.059], we cannot
reject the claim that the data are symmetric (g —0) at
w =005 For the Student’s r-distribution with six
degrees of freedom, the symmetry is correctly
captured at all significance levels. However, there 18
siatistically significant evidence of excess kurtosis at
the 16 and 3% levels. For example, at o= 0035, the
entire ranges for o and 2%, given by [0,011,G.129] and
{0.010, 0.128], respectively, are positive, thus rejecting
the null hypotheses Ho =0 as well as Hy 25 =10,

Resuits based on  the generalized Student’s
sdistribution for the residuals are presented in
Table 6. W continue to usc six degrees of freedom,



Fable 7. Sinrulation analysis of the g, & and {g » &) distributions, GARCUH nwpdels with tinme varying higher momenis simulated

with the generalized Stadent’s sdistribution

A by A= D23

Fow 6 A 028

Statistics 3 #

i z A ®

Median (Mean}y  —073 (-0.172)  0.061 {0.063)

FostPoasi -0.320 (-0.420)  .041 {0.176)
Py o {Pys 5} ~0.281 (0059 0.012 {6.147)
Pl Posh ~.262 (~0.078) 0019 (8.127)
Pasl Pys} ~(.209 (~0.136)  (.042 (8.084)

(LOSE {8.055)
—L0G7 {161
0.003 (0.130)
0.010 (0.114)
0.032 (0.072)

0.161 {0.160)
0.007 {0.293)
0.048 (0.263)
0.065 (0.246)
0.124 (0.196)

0.060 (0.064)
0.002 (0.172)
0.011 (0.140)
0.017 (0.124)
0.041 (0.083)

4.051 (0.055)
—0.008 (0.164)
0.003 (1.129)
0.009 ((.113)
0032 (0.073)

Nows: Results are based on 3000 replications using a rmandom sample of 00 observations drawn from the
varicus distributions. An sllowae s made Tor outlisrs, P, denotes the x-th percentile value of the bootstrap distributions

of 2, B and 2%,

denoted by 1= 6. One should recall that the skewness
parameter {alls in the interval ~1 < A < . When we
use A=-0.25 the 93% confidence interval for g 13
[— 0,238, —0.068], This range is enlirely megative
suggesting statistically significant negative skewness.
Similarly, for A=0.25, the range [(.069,0.260]
indicates positive skewness. Of couarse, the power of
the lesls will decrease (increase) as (Al approaches
zero {onel,

Although the hypotheses for & and A% are difficult
o interpret for skewed distributions, they are broadly
suggestive of exvess kurtosis. For instance, for
A =025 the confidence intervals for & and &%,
given by [0.009,0.131] and [0.001. 0.118], respectively,
are enfirely posilive. We would also Like to point ot
that for all distributions the sample mean of g equals
its sample median whereas for 4 and 4%, the mean 18
consistenily a little higher than the median, This
result may be uselul m developing the asvmptotic
distributions lor these estimators.

In order to include time-varyving higher moments,
we treat the parameters of the generalived Student’s
f-distribution as functions of the conditioning infor-
mation (Hansen 1994; Jondeau and Rockinger,

2003y Consider i = a4+ he o and
Ay = iy b Bagi b Cange Where the transformations
28 2

B — 2”{”"‘"‘"‘"‘"‘"‘"‘"‘"‘"‘"‘"‘"“”:"" aﬂd .)\,; pasant """"1 %“mmi“mnx:m
P exp(i,) L exp(—as)

areused toensure that 2 < p < oo and ~1 < A < 1.

For simulations we use ¢y = —0.36, 5, =0.12, ¢, =050

for computing #, and a;=012 {ora,=-0.12),

hy==0.20, ¢, = 0.775 for A,. We choose these param-
eter valpes to keep the problem tractable and
comparable to the analysis with constant higher
momenis. The unconditional sample means of these
parameters are 7 o 6 and A 2 0.25 {or & & —0.25),
In Table 7. we use the exploratory analysis of the
data that arc gencrated by timewvarving higher

moments and compare it with the Table 6 results
that are based on constanl higher momenis, It is
noteworthy that the time-varying », and X, param-
eters introduce some exira noise 1 the data which
makes the skewnsss and kurtosis estimators less
precise, However, the results in Tables 6 and 7 are
quahtatively similar. For instance, when A=-0.23,
the 98% confidence mterval for g bhased on time-
varying higher moments, given by [ 0281, - 0.059],
is still entirely negative. However, this interval is
shightly wider than the comparable [~ 0.258, — 0.06Y9]
range implied by higher moments that do not vary
with time. Similarly, although the Y5% confidence
mtervals for b and &%, given by [0.009,0.131] and
[0.001,0.118], respectively, are slightly wider, they
still infer a staustically significant excess kurtosis in
the data.

In summary, we find that the exploratory data
analysis of Tukey i altvactive nol ounly for s
computational ease but also for its flexibility and
robustness to various GARCH specifications with
outliers. Monte Carlo simulations suggest that the g, #
and #* estimators are able fo capture the skewness and
gxcess kurtosis found m commonly used GARCH
family of models where the higher moments may or
may not vary over tme. A preliminary explanatory
analysis can actually be used as g tool for identitving
a relevant GARCH model. We would like to point out
that these estimators are hikely to be robust to more
complex patterns than those implied by the GARCH
models that we considered in our simulations.

¥. Conclusion

The vast majonty of ETF returs distributions point
to distributions that are highly son-Gaussian when
conventional measures of skewness and kurtosis
are caleulated. This cvidence alonc suggests the



madequacy of the wtaditional two-parameter, ie.
mean-variance, model of portfolio diversification.
Moreover, conventional measures of skewness and
kurtosis might give misleading information concern-
ing the {rue behaviour of financial returns. These
measures are known to be sensitive to outliers and

do not reveal anvthing about the behaviouwr of

skewness and kurtosis across the tails of the
distribution.

We found that investors should not rely on single
measure of skewness and kurtosis to summarize ETF
relurn distributions, The g. 4 and (g x &) disiributions
provide robust parameter estimates that are not
always consistent with their conventional counter-
parts. Moreover, we find substantial variation in
skewness and kurtosis for individual ETFs, The
robust estimators of higher moments help us discover
some trends when the funds are grouped by tund size
and style of investing. We also [ind that ETFs with
negalive skewness tend to have higher Sharpe ratios.
This result scems to suggest that ETF managers are
perhaps ‘selling risk” in order to maintain good Sharpe
ratios and munagers followmg a muting downside
risk strategy are incorrectly underrated. Finally,
Monte Carlo simulations  suggest that  these
exploratory techniques are able to capture patterns
found in commonly used GARCH fanuly of models.
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Appendix: Morningstar $tyle Box

The Morningstar style box is a tool that represents the
characteristics of a tund in o graphical format. There
are fwo pieces of data that determine where the fund
falls within the stvle box. The first pilece of data 13
markel capilalization; that s, the size of 3 fund. Large
funds, medinm-sized funds and small funds are placed
in the top row, the middle row and the bottom row,
respectively, of the style box. Morningstar calculates
the market capliahization of each stock in the fund and
accounts for ity weighting in the fund in order to arnive
at & number that best represents how the fund 15
positioned in the style box,

Further, Table Al shows that the Morningstar
style box incorporates the size of the fund relative to
the region where the fund mvests, That s, an ETF
that tracks the United States with a market capital-
wzation of $300 (in millions of dollars) 15 categorized
as a small fund; whereas, an ETF tracking Canada
with the same market capitalization is categorized as
a medivmesized fund.

For the sample in this article, Morningstar defined
89 large ETHy 14 medium-sized ETFs and 9 small
ETFs. In order fo conduct a detailed analysis given
the style of investing and ensure a large enough
sample with respect to subgroups. it was necessary {o
combine medium-sized funds with small-sized funds.
This sum, 23 funds, is referred to as small funds in
this article.

Table Al Market caplialization breakpoints in millions of
US dollars

Region Parge Medivm  Small

United States 22541 1585.19 449 14
Canada 385693 75435 168,71
Latin America 376903 105853 29129
Europe 803751 1501 .40 35377

Japan 3793.53 757.13 21001
Austrahia/New Zealand 3626.43 T3.62 125.04
Agia ex-Japan i981.89 297.78 87.20

The other factor that determines a  fund's
placemant in the sivie box is s invesimeant style
Morningstar uscs 2 number of statistics {for each
stock in a fund (long-term projected carnings
growth, historical earnings growth, sales growth,
price/projected earnings, price-to-book, eic. relative
to other stocks in its market-cap range) and
calcudates g growth score and a value score — cach
score will range from O to 100, Morningstar
arrives at a stock’s investment siyle by subtracting
its value score from ifs growth score. A stock with
a strongly negative score is assigned to value, and
one with a strongly positive score s assigned
to growth., Those m between are categorized as
blend. The fund’'s overall sivle is based on the
weighted average of the style scores for all of s
stocks.





