DEMONSTRATIO MATHEMATICA

Vol. XX No 3-4 1987

Brian Fisher, Todor D. Todorov

OPERATIONS WITH DISTRIBUTION VECTORS

The spacé of distributions D’ is isomorphically embedded
in the space of distribution vectors D' (1) and this larger
space D is equipped with operations of multiplication and
inte ratlon. Several formulae for 62(x) 6(p) 8(q)

q (x), etc., are derived which, as we know, are signi-
ficant for some applications, in particular, in quantum field
theory but they do not make sense in D’ itself., The paper
is a continuation of a previous work (1) but it could be read
independently.

In the following wé let C be the field of complex num-
bers, D be the space of infinitely differentiable functions
defined in the real line with compact support and D’ be the
space of all distributions on D,

De finition 1. Let ur,be in C for » = O,1,000 »
We say that

x = [OCO,CX.‘,oto]

is a number vector (2). We denote the vector space of all
number vectors, with the usual definition of the sum and pro-
duct by a scalar, by C.

Definition 2, Let h, be in D’ for r=0,1,ee¢0 o
We say that

B = [hyohyseeeshinseee]

is a distribution vector.
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1f hr+i =0 for 1 = 1,2,044, we writa

B = [Bgngsees sbes0s00ene] = [Bguhysenssig]

end if hy = 0 for 1 = 1,2,... we write

i~ [ng] = By
Wa denots the vector space of all distribution vectors,
with the usual definition of sum and product by a seslar,
by 2’-
Definition 3, Lethe [ho,h1,...,hr,...] ba
in D' and let ¢ be in D, We define (h,¢) to be the number
vactor

{QS‘P} - [(hop'P],(h-«lg(P).'n-'(hr;‘P)g-cu] .
Defianition 4, Teth =[hghy,ee,bi,e] be
ir D', We define the derivative h' of h by
¥
E = [.hi’,h;..co'h:'.'oct] »
Theoramn 1. Teth = [bybyseseshy,ees] be in D/
end let ¢ be in D, Then
(8,9} = (B, 9’).
The proof of the theorsm follows easily.

Definition 5, Let ebeafixedfuctinn
in D having the properties:

{1) plx) =0  for |[x} <1,
(11) Q(I) z 0,
{111) el{x) = pl{~x},
1
{1v) } plxldx = 1,
~1

Wo dafine the functlon &, by &,(x) = vp{vx) for all v> 0,
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Definition 6. Laet £ and g be in D’ and let
8, = 8%5, . If there exist h,,h,,...,h, in D’ such that

T
(£,8,9) = 3 (hy,e)9t + A(),
i=0

for arbitrary ¢ in D, whers

1im A} = ©
V- a0

( A coulé depend on ¢ as well), we defina the product fog
in D’ by

fog = [hyhyyeeeiy]

We say that h, is the finlts part of fog. If hy # 0 for
some 121, we write

pefef{fog) -hc
apd if hi = O for i”- 1325v 0,7, We write

fog = h{)'

Theorenm 2. Tha product ™o" is a gensralization
of the usual product 1o D’ when onpe of the distributions 1s
a smooth function, .8, fog = f.g for all £e D’ and ell
g€ coe,’

The above theorem is just an interpretation of Dsfini-
tion 6, having i’n mind as well that g9ﬁvo—:msq in the test-to-
pology of D when g 1s a smooth functiom and ¢ 1s 1in D,

Theorem 3, Letf and g be in D’ and suppose
that the producte f'og (or fog’) and fag are 1n-Rj.‘ Then
the product fo g’ (or £'o g) is in D’ and

(fog) =f'ag + fog'.
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Proof, Supposs

r
(f,8,9) = Z (hi.cplﬂi + al$),
i=0

r

{ff.so¢? = :E: (ki,¢}ﬂi + g0,y
i=0

for erbitrary ¢ in D, so that

fog = [hoyh19'°:rhr] ’

fog e [Kkyikypeuasky] o

Than

{{fgg" NFJ = -(fga, <Plj - {fg:, + f’ggl‘P}
and so
{f!g;‘aﬂ = “tf!ga‘?‘J - (f‘vggﬁ"] =

2o T
e S Z (hj_.'\";'\’i - {}2(9] L z [hi:‘P)al - 51(17]_ =

120 1=0
r
= > (b - ki,qﬂ)\?i - {8y +8,){%)
i=0

for some function 62' whers
91__15952(9} ="1+1gz° (A1+A2)(v} = 0,
It follows that ths product fog’ is in Q' and
ng" = [h(‘}- O h;-k.i,...,h;_.-k‘_] = tfogj‘ - rlo Ea
The resulte of the theorem fpllows,
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We now put for simplicity
eg= ¢ P (o)
for i = 0,1,s+s 80 that in perticular

g; = C
for odd i.
Theorsamn 4, Tha product 5(p}° 6(q' is in D’ and

s(P} o B(Q) = E{Psq, = [ho(p!q)vh1(pvQ’;“'lhp+q(pOQJ]

for p,g = U,1,2,44», whers
o, } 0<i<gq,

hi( pya) =

(-1)3-9 Corast=2) 4 o4 ¢ pagat,

-1
(1-5—1) £3.98

end (g) denotes the binomial cosfficiant

(5’ 'qlip-l-qli .
In particular
82 = 506=[0,0,8],
§ o 5 = [0,045'],
§ o 8 =0,

So, we msse that the multiplication operation "o* is
a non-commutatlve operation.

Thee-rem 5. The products xfo S(q’ and 5(9} oxf_
are in D’ and

!{ oﬁtq) = h{p,q) = [ho(pgqigh1(9;‘¥].--nhq_p(l?eﬂ]

for p = 0,1,e4e,q9 80d q = 0’1’2,0».' whers
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3 0P (@) p sla-pl 3 oo,
hi{[-‘vq} =

(- 1P {Q"i E(Q'P‘ii'

}opt oy, 1€igqgmp

and

Stqjox = kl{p,a) = [ko(p 9),k,(p, q),,,,,k {p.q)]

for p = U,1,442,9 and q = U,1,..., whers

TP @y proele?), gl
k]_‘PvQJ =
(=132 ¢ qi} Pl 031 09°P=1) 4 4 <qup.

In perticular
%0 o ge) - 5lp) oxP = % (=1)P p1§
for p = 6,1,2,000 »

These theorems are eguivalent to Theorem 3 and 4 provad
in [,1]|:

We now consider the product of iwo distribution vectors.
For convenience we note that D’ is isomorphic to the space
of power seriss in an indeterminate. v having distributions
as coefficients, Under this nstural isomorphism we write

L n [Loetysrenslppens] = i £.9".
. - r=0

Definition 7. Let

o
E = [fo,f.!'ooo'fr.'-.] = Z fr\ar

. r=0

and _ o
E = {10131:---'%,.-.] = Z 8:_\»‘:‘

' =0
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be in D' and suppose that £.° By oxist for all 7,8 = O lyeas
{in the sense of Dafinitlon 6) and

Hrs

o
fpc 8y Z hren”
0=0

for r,8 = 0,1,.,.,, for some gistributions hrsn and some in-
tegers p,. > O, Let now put

o oo Urg

by = > Z > bren (r+s+m = n)

=0 8=0 m=0

for n = 0,1,2,... « Wa define the product fog in D’ by

) oo ca ©O i
fog Z fr"r)° Z gs"s = Z Z (fho8q) ¥ .

r=( g=0 r=0 8=

3 53wt )

r=0 8=0

= Z b g0 _ [ho'hv""hn’"']

n=0

and say that b, is the finite part of £og.
Theorem 6, Let £ andg be in D’ and suppose
that the produaia fog and T g (nr fog ) are in D « Then

the product Eog {or f o g) is in D and

(fog) =fog+fogs
Proof . Suppose

(== o r
T -
£EZ£1,\), 5:25’\:.
r=0 r=0
- 407 -


http:produ.ct

B,Fisher, T.D.Todorov
: Operations with distribution veotors 9

Then
I Bxampla 3. {5, 6ﬂ¢l=(699(9x)¢(xn=
fog = Z Z (£ 0g )oT+s 9'(0)9((:) = 0 for arbitrary ¢ im D and so
~°g 0 &g
=0 g=( ,
and §o& =0,
o 8 le 4. Using Th 3 that 6 0.8
fog a £ , T8 xample . sing Theoresm 3 we see o
feg s 3 (5o B

r=0 =0
] - /oo - 1
80 that the progucts f ro 8y and fx’_o gy are in D’. By Theoresm 3 Bl i = {B.a k) Rul [0,905] :

the product t. :
og is :l.nD ahd
~ Exampla 5. {6.6‘,rp}=(5.9 ¢ Px)el{x)) =

= =920"(0)9(0) + v2 ' (01 () = -929"(0}(B,4) for arbitrary g

(fhog )l = f'og. + fog’.
n° Ep r° &g r° &g in D and so

Thus
50 6" = [0,0,0,-0,8] .
fj.agy = Z b (1,0 EGJ‘\, T4a These four results are, of cowrss, particuler cases of
r=0 -4 Theoren 4,
0. oo Example 6, [6,6]0[6%8]=(8+498")0 (6438} =
il A 2
=y 2 (fro 8y + T,0 g )v=*8 = §o0b'+v6 08 +v8 08 +2°8 0 b = [0,0.905,90’5’,-925.
r=0 m=( We finelly consider integration in D' and D',
which Shplies e Definltion 8. Latfbﬁ in D’, 1let p be
the exiotunce of fog' and a measure in R and let & be a measursble subset of R, We say
, , ’ * that £ is integrabls on 6 if there exiets an integer m; 0
(fog) = 1% g+ fag’. and complex coeffialents o0 ,eee 0y for which
B x
- vonls a)m Ple Te (8, 6,9} = (8,90{vx)p(x}) = vo(C)e(0) = m "
Po'%»®) for arbitrary o in D and so [ ftxautx) = 37 g9 + 0(s)
8 1=0
525 ol =0 5 ‘
8 [‘?0]' whers £, = £+8, and
MorExample 2. 62=60806 = v 925.,[ 0,028]. $55 KOO B
Dbt'iganaral for the n-th powser of the delta-funntion 5 we P IR
ain
We then write
n D=1 Net =
5% = 9 0 & = [U,O,...,?315]- qi
jf(x)dt’(x) - [%1019--0' J Z ag_

i=0
and say that o, is the finite part of the 1lntegral.
- 408 -
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H

Example Ta j 8({x)dx
-0

1 1
Exampla 8. é 8,(x)dx = [ vp(vx)dx = % and so
0

§ elx)dx = 5 -
Sxample 9, | B§(x)dx = 0.
- 00

1
Txamplae 10. & (x}dx
0

P52 rto
1 g o’ (vx)dx = -vg
and 80 i‘; & (x)ax = [0,-¢y].

Theorem 7. ForallfeD and all g¢e D we have:

oo (=]
[ (foprax = [ fixlelx) = (£,9).
-0 ~00 *

FProof. It is well known that (f¢k]3::;r‘y in the

r 7
topelogy of & { E'is the space of all distributions with
compact supports) so that

(=]
JMa _[ {£9),dx = (£¢,1) = (f,0).

=00

The proof 1s finished.
Definditton g9, Let

£ = [fo,f“.n..fr,...] = i fror
=0

be in E’ and supposs that f, is integrable on & with

. M
jfr(x}dy(x) = Zmri"i
6 i=0

forr = 0,1,04e «» Wo say that f 1is integrable on 6 and write
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e r+i
jf(x]dy(xJ = Z Z dr,? = [dU’d‘i""’dn""]
6 r=0 i=0

where

oo r
dy = Z Zdri, {r+i = n)

r=0 i=0

for n = 0,1,... and say that d, is the finite part of ths
integral. 1

Example 11, 5 [61x), §5'(x)] dx = [1/2.0.-901-

We sse that the integral of =z given distribution vector
(Lf exista) is a number vector.

Ramark, The reader could remain disappeinted at
the fact that the multiplication operation introduced in our
paper is nonassociativa which follows directly from the
exampls

§'0 (808} £ (606)0b,

Recall, howsver, that according te the well-known interpre-
tation of tha Schwartiz example

(x~ex)8lx) # x'1(x'ﬂ(x})

it is principally impossible to supply the distributicn space
or any of its snlargements (in particular, the space of di-
stribution vectors Q’) with an associative multiplicstion
opersation.
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