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ThisThis paperpaper analyzesanalyzes endogenousendogenous economiceconomic growthgrowth inin thethe modelmodel ofof overlappingoverlapping 
generations.generations. ThereThere isis nono bequesl therethere anyany externalities.externalities. IfIf thethebequest motive,motive, nornor areare 

capila thetechnologytechnology isis convex,convex, perper capita growthgrowth cancan occuroccur onlyonly ifif Ihc economyeconomy hashas atat leastleast 
investmenttwotwo sectors.sectors. ThisThis paperpaper showsshows thatthat thethe limitinglimiting marginalmarginal efficiencyefficiency ofof investmenI 

raledeterminesdetermines thethe potentialpotential forfor growthgrowth andand thatthat thethe rate ofof growthgrowth dependsdepends uponupon thethe 
investmenl.shareshare ofof thethe capitalcapital stockstock devoteddevoted toto investmenL. SustainedSustained consumptionconsumption growthgrowth 

assumptions,cancan occuroccur onlyonly underunder aa fairlyfairly restrictiverestrictive setset ofof assumptions. ThereThere isis anan equilibriumequilibrium 
high,withwith growthgrowth onlyonly ifif thethe marginalmarginal propensitypropensity toto savesave isis sufficientlysufficiently high.

1.1. INTRODUCTIONINTRODUCTION 

ConventionalConventional theoriestheories ofof economiceconomic growthgrowth typicallytypically involveinvolve analysesanalyses ofof 
economieseconomies thatthat dodo notnot grow.grow. TheseThese theoriestheories commonlycommonly examineexamine economieseconomies 
withwith maximalmaximal sustainablesustainable capital-laborcapital-labor ratiosratios andand describedescribe pathspaths ofof capitalcapital 
accumulation.accumulation. ItIt isis unfortunateunfortunate thatthat anyany economyeconomy convergingconverging toto aa steadysteady 
statestate isis oneone inin whichwhich perper capitacapita consumptionconsumption isis arbitrarilyarbitrarily nearnear aa constantconstant 
afterafter finitelyfinitely manymany periods.periods. ThisThis isis anan unusuallyunusually gloomygloomy visionvision ofof thethe 
future,future, eveneven forfor thethe dismaldismal science.science. 

ThisThis simplesimple observationobservation hashas sparkedsparked thethe recentrecent interestinterest inin modelsmodels ofof 
economieseconomies thatthat actuallyactually dodo grow.grow. AnAn importantimportant veinvein inin thisthis literatureliterature 
involvesinvolves modelsmodels inin whichwhich therethere areare increasingincreasing returnsreturns toto scale;scale; Romer'sRomer's [8J[8J 
workwork isis path-breaking.path-breaking. AA secondsecond areaarea inin thisthis researchresearch usesuses modelsmodels inin whichwhich 
therethere areare nono productionproduction non-convexities.non-convexities. ThisThis approachapproach isis appealingappealing 
becausebecause itit obviatesobviates thethe needneed toto distinguishdistinguish betweenbetween scalescale economieseconomies thatthat 
areare internalinternal toto thethe firmfirm andand thosethose thatthat areare externalexternal toto it.it. TheThe workwork ofof 
RebeloRebelo [7J,[7J, JonesJones andand ManuelliManuelli [5J,[5J, andand BoldrinBoldrin [2J[2J isis noteworthynoteworthy.. 

lhis..... TheThe authorauthor waswas aa visiting assistantassistant professorprofessorvisiling atat thethe UniversityUniversity ofof ChicagoChicago whenwhen this workwork 
waswas begun.begun. HeHe thanksthanks anan anonymousanonymous refereereferee forfor usefuluseful suggestions,suggestions, LarryLarry JonesJones andand TapanTapan 
MitraMitra forfor severalseveral helpfulhelpful conversations,conversations, andand seminarseminar participantsparticipants atat thethe UniversityUniversity ofof Indiana,Indiana, 
UniversityUniversity ofof Chicago,Chicago, OhioOhio University,University, NorthwesternNorthwestern University,University, andand CornellCornell UniversityUniversity forfor 

comments,theirtheir comments. 
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IfIf anan economyeconomy grows,grows, thenthen itsits capitalcapital stockstock mustmust becomebecome unbounded.unbounded. IfIf engeance. 
thethe economyeconomy exhibitsexhibits perper capitacapita growth,growth, thenthen laborlabor eventuallyeventually becomesbecomes aa 
scarcescarce factorfactor andand itsits renumerationrenumeration growsgrows withoutwithout bound.bound. IfIf agentsagents actuallyactually 
taketake advantageadvantage ofof thethe productiveproductive capacitycapacity ofof theirtheir economy,economy, thenthen consump­consump­
tiontion growsgrows withoutwithout bound.bound. IfIf agentsagents savesave inin orderorder toto acquireacquire anan ever­ever­
increasingincreasing capitalcapital stock,stock, thenthen thethe levellevel ofof savingssavings maymay becomebecome unbounded.unbounded. 
HenceHence anan analysisanalysis ofof suchsuch economieseconomies involvesinvolves dealingdealing withwith severalseveral variablesvariables 
thatthat tendtend towardstowards infinity.infinity. 

TheThe easiesteasiest wayway ofof dealingdealing withwith thesethese arithmeticarithmetic complexitiescomplexities isis toto useuse aa 
discountingdiscounting techniquetechnique thatthat makesmakes thethe presentpresent valuesvalues ofof streamsstreams ofof 
endogenousendogenous variablesvariables comparable.comparable. ItIt maymay bebe appropriateappropriate toto considerconsider deep 
sequencessequences ofof rewardsrewards thatthat areare dominateddominated byby aa sequencesequence thatthat converges,converges, andand 
itit isis possiblepossible thenthen toto describedescribe thethe trajectorytrajectory ofof thethe economyeconomy inin termsterms ofof lawslaws 
ofof motionmotion thatthat areare dependentdependent uponupon parametersparameters describingdescribing preferencespreferences andand 
technology.technology. ThisThis isis thethe approachapproach thatthat JonesJones andand ManuelliManuelli [5J[5J use,use, andand itit 
involvesinvolves sumssums ofof infiniteinfinite sequences.sequences. 

WeWe useuse aa differentdifferent approach.approach. BecauseBecause wewe useuse thethe simplestsimplest modelmodel ofof over­over­
lappinglapping generations,generations, agentsagents makemake quitequite uncomplicateduncomplicated decisions,decisions, usingusing veryvery The 

littlelittle (decentralized)(decentralized) information.information. TheyThey knowknow thethe realreal wagewage andand thethe realreal 
interestinterest raterate duringduring thethe oneone periodperiod inin whichwhich theythey mustmust choosechoose anything.anything. 
SinceSince theythey dodo notnot valuevalue leisureleisure forfor itsits ownown sake,sake, theythey makemake thethe simplesimple deci­deci­
sionsion ofof howhow muchmuch toto save.save. InIn aa modelmodel ofof overlappingoverlapping generations,generations, thethe entireentire 
stockstock ofof capitalcapital mustmust turnturn overover inin everyevery period.period. HereHere isis thethe rub.rub. IsIs itit 
possiblepossible forfor eacheach generationgeneration toto purchasepurchase thethe entireentire stockstock ofof capitalcapital thatthat thethe 
economyeconomy hashas acquired?acquired? 

TheThe answeranswer toto thisthis questionquestion isis "no""no" inin thethe simplesimple one-sectorone-sector model.model. ThisThis 
waswas shownshown byby JonesJones andand ManuelliManuelli [6J[6J andand BoldrinBoldrin [2].[2]. TheThe intuitionintuition isis 
simple.simple. InIn aa one-sectorone-sector model,model, consumptionconsumption andand investmentinvestment areare perfectperfect 
substitutes.substitutes. WagesWages growgrow asas thethe economyeconomy grows,grows, butbut theythey dodo notnot growgrow asas 
rapidlyrapidly asas thethe capitalcapital stockstock becausebecause thethe aggregateaggregate productionproduction functionfunction isis 
concave.concave. Hence,Hence, soonersooner oror later,later, therethere willwill bebe aa generationgeneration thatthat willwill notnot bebe 
ableable toto purchasepurchase thethe economy'seconomy's stockstock ofof capital.capital. ButBut thisthis impliesimplies thatthat thethe 
economyeconomy willwill nevernever getget veryvery large.large. SoSo itit cannotcannot reallyreally grow.grow. 

JonesJones andand ManuelliManuelli [6J[6J analyzeanalyze aa two-sectortwo-sector modelmodel toto showshow thatthat suchsuch 
anan economyeconomy cancan grow.grow. TheyThey useuse aa versionversion ofof aa modelmodel developeddeveloped byby RebeloRebelo 
[7].[7]. InIn aa two-sectortwo-sector model,model, thethe termsterms ofof tradetrade betweenbetween investmentinvestment andand 
consumptionconsumption cancan movemove againstagainst thethe investmentinvestment good.good. EvenEven ifif thethe physicalphysical 
stockstock ofof capitalcapital becomesbecomes arbitrarilyarbitrarily large,large, itsits valuevalue inin termsterms ofof aa consump­consump­
tiontion goodgood maymay staystay withinwithin bounds.bounds. 

TheThe purposepurpose ofof thisthis paperpaper isis toto examineexamine thethe generalgeneral structurestructure ofof 
economieseconomies thatthat growgrow whenwhen agentsagents dodo notnot livelive forever.forever. InIn suchsuch anan economy,economy, 
therethere isis alwaysalways anan agentagent whowho willwill witnesswitness thethe salesale ofof thethe economy'seconomy's stockstock 
ofof capitalcapital duringduring herher life.life. TheThe modelmodel belowbelow highlightshighlights thisthis ideaidea withwith aa 



 

 

vengeance.vengeance. OneOne agentagent isis endowedendowed withwith nothingnothing butbut thethe initialinitial stockstock ofof capi­capi­
tal;tal; everyevery otherother agentagent isis endowedendowed withwith nothingnothing butbut herher ownown labor.labor. AA youngyoung 
workerworker usesuses wageswages toto consume,consume, invest,invest, andand acquireacquire thethe entireentire stockstock ofof capi­capi­
tal. AnAn oldold agent,agent, havinghaving nothingnothing butbut thethe capitalcapital sheshe hashas acquired,acquired, isis trulytruly 
aa membermember ofof thethe classeclasse rentiere,rentiere, financingfinancing consumptionconsumption solelysolely fromfrom rentalsrentals 
incomeincome andand fromfrom thethe proceedsproceeds ofof thethe salesale ofof capital.capital. InIn orderorder forfor economiceconomic 
developmentdevelopment toto occur,occur, everyevery generationgeneration mustmust gogo throughthrough thisthis chainchain ofof 
events.events. ThisThis imposesimposes considerableconsiderable structurestructure onon thethe technologiestechnologies ofof 
economieseconomies thatthat cancan grow.grow. 

InIn orderorder toto summarizesummarize thethe introductoryintroductory discussiondiscussion andand toto acknowledgeacknowledge 
aa deepdeep dept,dept, wewe state:state: 

taL 

PROPOSITIONPROPOSITION O.O. AssumeAssume thatthat anan economy'seconomy's technologytechnology isis convex,convex, IfIf therethere 
isis onlyonly oneone sector andand agentsagents livelive onlyonly finitelyfinitely manymany periods,periods, thenthen therethere cancansector' 
be nono endogenousendogenous growth.growth. 

ProofProof SeeSee JonesJones andand ManuelliManuelli [6,[6, Sect.Sect. 3]3] oror BoldrinBoldrin [2,[2, SectSect 2].2]. II 
TheThe restrest ofof thisthis paperpaper consistsconsists ofof fivefive otherother sections.sections. SectionSection 22 setssets outout 

thethe model.model. SectionSection 33 analyzesanalyzes thethe conditionsconditions underunder whichwhich growthgrowth isis 
possible.possible. SectionSection 44 showsshows howhow thethe growthgrowth raterate dependsdepends uponupon thethe shareshare ofof 
capitalcapital devoteddevoted toto thethe investmentinvestment sector,sector, andand SectionSection 55 showsshows howhow equi­equi­
libriumlibrium growthgrowth dependsdepends uponupon thethe savingssavings behaviorbehavior ofof workers.workers. SectionSection 66 
presentspresents ourour conclusions.conclusions. 

he 

2.2. THETHE MODELMODEL 

ThereThere areare twotwo sectorssectors inin thethe economy.economy. EachEach sectorsector isis characterizedcharacterized byby aa 
productionproduction functionfunction thatthat isis homogeneoushomogeneous ofof degreedegree oneone inin itsits inputs.inputs. ItIt isis 
helpfulhelpful toto thinkthink ofof thethe firstfirst sectorsector asas producingproducing aa consumptionconsumption goodgood andand 
thethe secondsecond sectorsector asas producingproducing anan investmentinvestment good.good. TheThe productionproduction 
functionsfunctions are:are: 

(1)(1 ) 

wherewhere KKi andand LL i areare thethe inputsinputs ofof capitalcapital andand laborlabor respectivelyrespectively inin sectorsector 
ii EE {I,p, 2}.2}. WeWe makemake thethe followingfollowing assumptionsassumptions aboutabout thethe economy'seconomy's 
technologytechnology 

j j 

AssumptionAssumption 1.1. FF jj:: Fj(O, 0)=0, Fj(K LtlLtl isisIR~IR~ -71R+-71R+ isis concave.concave. Fi(O, 0) =0, andand Fi(K11 ,, 

smooth,lsmooth,l homogeneoushomogeneous ofof degreedegree one,one, andand notnot decreasingdecreasing inin eithereither 
argument.argument. 

\I WeWe definedefine derivativesderivatives atat thethe boundaryboundary ofof IR~IR~ usingusing sequencessequences inin thethe interiorinterior ofof thethe domaindomain 

ofof Fl'Fl' 
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WeWe useuse thethe simplestsimplest demographicdemographic structurestructure possiblepossible toto illustrateillustrate thethe 
notionnotion ofof decentralizeddecentralized perper capitacapita growth,growth, thethe modelmodel ofof overlappingoverlapping 
generations.generations. ThereThere isis oneone agentagent bornborn inin eacheach period;period; thisthis agentagent liveslives forfor twotwo 
periodsperiods only.only. ThereThere isis oneone "old""old" agentagent whowho isis alivealive atat thethe beginningbeginning ofof thethe 
economy,economy, andand sheshe liveslives forfor onlyonly oneone period.period. EachEach agentagent tt ~~ 11 isis endowedendowed 
withwith oneone unitunit ofof laborlabor inin herher youthyouth andand nothingnothing else.else. TheThe oldold agentagent isis 
endowedendowed withwith thethe econoPlY'seconoPlY's initialinitial capitalcapital stockstock KK11 >> 00 andand nothingnothing else.else. 
NoteNote thatthat thethe economyeconomy hashas aa constantconstant laborlabor supplysupply inin everyevery period.period. 

IncrementsIncrements toto thethe stockstock ofof capitalcapital occuroccur throughthrough productionproduction inin thethe 
investmentinvestment sector.sector. TheThe lawlaw ofof motionmotion forfor thethe capitalcapital stockstock isis 

K,+ 1 = (l-b)KI + F2(K t, 2, L,,2), (2(2 )) 

K,wherewhere Kt isis thethe capitalcapital stockstock atat timetime t,t, bEbE (0,(0, 1]1] isis thethe depreciationdepreciation rate,rate, 
KK tt •• 22 isis thethe amountamount ofof capitalcapital usedused inin thethe investmentinvestment sectorsector atat timetime t,t, andand 
LL tt ,2,2 isis thethe amountamount ofof laborlabor usedused inin thatthat sectorsector atat thatthat time.time. NoteNote thatthat thethe 
economyeconomy mustmust produceproduce somesome ofof thethe secondsecond goodgood ifif itit wantswants toto addadd toto itsits 
stockstock ofof capital.capital. OutputOutput ofof thethe consumptionconsumption goodgood atat timetime tt isis 

a=l'tKt 

Q,.t =F1(K" l' L I,1)'Qt, 1=F1(Kr, I, Lt. I), (3)(3) 

wherewhere thethe variablesvariables areare analogous.analogous. TheThe resourceresource constraintsconstraints are:are: 

Kt • 1+ K" 2 :E; KtKt,l +Kr,2~Kt andand Ll,l + L I • 2:E; 1, (4)(4) 

ua(ca. 
ulc I, " ct " + 1)' t , s 

wherewhere wewe seesee againagain thatthat thethe supplysupply ofof laborlabor isis constant.constant. 
AgentAgent tt ~~ 00 hashas preferencespreferences summarizedsummarized byby utilityutility functionfunction uo(co, dd oror 

Ut(Ct,,, Ct,r+I), wherewhere cct,. isis consumptionconsumption byby agentagent tt atat timetime s;s; wewe statestate 
somesome weakweak assumptionsassumptions aboutabout preferencespreferences inin SectionSection 5.5. 

WeWe cancan nownow definedefine anan equilibriumequilibrium forfor thisthis economy.economy. ConsiderConsider aa 
sequencesequence ofof goodsgoods pricesprices andand factorfactor prices,prices, 

{(P t , I' P'.2' W(l I't)}~=l' (5)(5) 

" 1'1 

WI' 
wherewhere PP tt,! isis thethe priceprice ofof goodgood i,i, WIWI isis thethe wagewage rate,rate, andand I't isis thethe rentalsrentals 
rate,rate, allall atat timetime t.t. NowNow letlet agentagent t'st's wealthwealth bebe Wt. ThenThen agentagent 00 chooseschooses 
co,co, 11 toto maximizemaximize 

Ua(Ca, d (6)(6) 

subjectsubject toto 

Ca, 1 :E; aPI,PI, 11 co, 1 ~ WWo 
wth, 

andand 

O:E; Ca,O~CO, I'I' 



 

 

 

 

andand agentagent tt;"~ 11 chooseschooses thethe pairpair (c(cI,I, "I' CCI,I, I'++ I)I) toto maximizemaximize 

(7)(7) 

subjectsubject toto 

Pt.IC"I+P,+l,ICt,t+l:(PI,IC"I+PI+I,ICI,I+l:( W"W" 

I. I>0:(0:( CCI," 

andand 

0:( C,. 1+ I' 

SinceSince agentagent 00 isis endowedendowed withwith nothingnothing butbut thethe initialinitial stockstock ofof capital,capital, 
Wo=rJK1+P1,2(1-c'5)- Kj, t~ 11 isis endowedendowed withwith nothingnothingWo = 1'1 K I +PI, 2(1 cS) K 1, andand sincesince agentagent t ~

butbut oneone unitunit ofof labor,labor, W,W, == W,WI 

TheThe firm'sfirm's problemproblem isis alsoalso simple,simple. FirmFirm ii EE {1,{1, 2}2} chooseschooses thethe pairpair 
j,(K(KI , i, LL tt,, i)j) toto maximizemaximize 

" 
(8(8 )) 

F..(K;, j )SinceSince F;(Ki , LL i ) isis linearlylinearly homogeneous,homogeneous, profitsprofits perper periodperiod areare zero,zero, andand 
(8)	(8) representsrepresents thethe maximizationmaximization ofof thethe presentpresent valuevalue ofof firmfirm i'si's profits.profits. 

WeWe maymay definedefine anan equilibriumequilibrium asas aa sequencesequence (5)(5) suchsuch thatthat forfor allall tt 

(i)(i) agentagent 00 solvessolves (6)(6) andand agentagent tt ~~ 11 solvessolves (7);(7); 

(ii)(ii) firmfirm ii solvessolves (8);(8); 

(iii)(iii) CI=CI,I_J+C,.t:(Qt,l;C'.I_I +CI,I:( QI, I;CI == 
(iv)(iv) resourceresource constraintsconstraints (4)(4) areare satisfied;satisfied; 

(v)(v) K,K, >> 00 isis given;given; andand 

(vi)(vi) KK tI ++ 11 evolvesevolves accordingaccording toto (2).(2), 

~ (iii),NoteNote thatthat wewe havehave defineddefined aggregateaggregate consumptionconsumption CCtt ;" 00 inin (iii). ConditionCondition 
(i)(i) statesstates thatthat consumersconsumers maximizemaximize utility,utility, (ii)(ii) statesstates thatthat firmsfirms maximizemaximize 
profits,profits, (iii)(iii) isis thethe materialmaterial balancesbalances condition,condition, (iv)(iv) areare thethe resourceresource 
constraints,constraints, (v)(v) isis thethe initialinitial conditioncondition forfor thethe aggregateaggregate capitalcapital stock,stock, andand 

motion.(vi)(vi) isis itsits lawlaw ofof motion, 
SinceSince thethe productionproduction functionsfunctions areare linearlylinearly homogeneous,homogeneous, wewe cancan writewrite 

i == KilL;K;/L; and!;(k..)andfi(kJ == Fj(KdL;,themthem inin intensiveintensive form.form. LetLet kk j Fi(KdL;, 1).1). AssumptionAssumption 
!;( ,	 concave,11 impliesimplies thatthat fie . )) isis positive,positive, non-decreasing,non-decreasing, andand concave. NoteNote thatthat wewe 

havehave notnot assumedassumed thatthat limlimkki; _ _ !;(k..) O. SinceSince therethere isis nono populationpopulation0000 f;CkJ == 0, 
growth,growth, wewe areare examiningexamining thethe possibilitypossibility ofof growthgrowth ofof perper capitacapita consump­consump­
tion.tion. TheThe onlyonly wayway thatthat therethere cancan bebe sustainedsustained growthgrowth isis forfor thethe capital­capital­

bound,2laborlabor ratioratio toto growgrow withoutwithout bound. 2 

[I].22 ComplexComplex dynamicsdynamics cancan arisearise inin aa two-sectortwo-sector model;model; seesee BoldrinBoldrin [1]. 
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LetLet PT.P" 22 ==== P" P"Pt. 2/2/Pt. 11 bebe thethe realreal (current)(current) priceprice ofof aa unitunit ofof thethe investmentinvestment 
goodgood afterafter depreciationdepreciation hashas occurred.occurred. SinceSince LL,t == LL,t ++ 1j == 1,1, thethe economy'seconomy's 
capital-laborcapital-labor ratioratio isis kk lt ++ 1 =K=Ktt++ l , Pt,2kt+1 isis thethe1 l , asas givengiven byby (2).(2). ThenThen Pt,2let+1 

totaltotal costcost ofof acquiringacquiring thethe economy'seconomy's stockstock ofof thethe investmentinvestment goodgood atat thethe 
endend ofof periodperiod t.t. OneOne cancan interpretinterpret PI.2Pt.2 asas thethe quantityquantity ofof consumptionconsumption aa 
personperson bornborn inin periodperiod tt mustmust givegive upup inin orderorder toto acquireacquire aa unitunit ofof thethe stockstock 
ofof capitalcapital atat thethe endend ofof herher youth, 

AsAs longlong asas investmentinvestment isis positive,positive, itit isis appropriateappropriate toto definedefine thethe realreal 
interestinterest raterate inin periodperiod tt ++ 11 byby 

youth. 

1 +it + I == Pt + I, 2[1 - 0 +f;(k t + I, 2) J/Pt, 2' (9)(9) 

wherewhere kk,+,+ 1.I, 22 isis thethe capital-laborcapital-labor ratioratio inin thethe secondsecond sectorsector inin periodperiod tt ++11 
f;(k tandand /;(k l ++ I,I, 2)2) isis thethe marginalmarginal physicalphysical productproduct ofof capitalcapital inin thatthat sectorsector atat 
time,thatthat time. EquationEquation (9)(9) cancan bebe interpretedinterpreted asas statingstating thatthat thethe currentcurrent priceprice 

ofof thethe investmentinvestment goodgood isis thethe presentpresent valuevalue ofof thethe sumsum ofof nextnext period'speriod's 
capitalcapital gainsgains andand netnet dividend.dividend. 

AsAs longlong asas outputoutput ofof thethe consumptionconsumption goodgood isis positive,positive, profitprofit maximiza­maximiza­
tiontion impliesimplies thatthat thethe rentalsrentals raterate satisfiessatisfies 

rt = f~(kt.I)' (10) 

kt, Iwherewhere let, 1 isis thethe capital-laborcapital-labor ratioratio inin thethe firstfirst sectorsector inin periodperiod t.t. Also,Also, thethe 
wagewage raterate satisfiessatisfies 

WI = fl(k t, d -kt, d~(kt,d, (11(11 )) 

wherewhere allall thethe variablesvariables areare asas above. t ~above, SinceSince agentagent t?: 11 mustmust acquireacquire thethe 
stockstock ofof thethe investmentinvestment good,good, itit isis necessarynecessary thatthat 

WI~Pt,2k'+l (12)(12) 

inin orderorder forfor equilibriumequilibrium toto obtain.obtain. 
EquationEquation (12)(12) expressesexpresses thethe fundamentalfundamental constraintconstraint thatthat thethe assumptionassumption 

growth.ofof finitefinite liveslives placesplaces uponupon thethe possibilitypossibility ofof growth, WagesWages mustmust growgrow suf­suf­
ficientlyficiently rapidlyrapidly toto ensureensure thatthat eacheach successivesuccessive generationgeneration cancan purchasepurchase thethe 
entireentire stockstock ofof capitalcapital inin thethe economy.economy. SinceSince thethe capital-laborcapital-labor ratioratio can­can­
notnot bebe boundedbounded andand capitalcapital isis usedused inin thethe productionproduction ofof thethe consumptionconsumption 

bounded,good,good, wageswages willwill notnot bebe bounded. WhetherWhether realreal wageswages growgrow rapidlyrapidly 
enoughenough toto buybuy anan increasinglyincreasingly largelarge stockstock ofof capitalcapital isis thethe centralcentral limita­limita­
tiontion placedplaced uponupon thisthis economy.economy. InIn aa modelmodel withwith infinitelyinfinitely livedlived agents,agents, 
investmentinvestment plansplans areare basedbased uponupon thethe presentpresent valuevalue ofof thethe entireentire flowflow ofof 
incomeincome inin thethe economy;economy; inin aa modelmodel ofof overlappingoverlapping generations,generations, thesethese 
plansplans areare basedbased uponupon thethe realreal valuevalue ofof eacheach generation'sgeneration's endowmentendowment ofof 
labor.labor. 



 
 

 

  

 

 

  

TheThe economy'seconomy's resourceresource constraintsconstraints areare 

(13(13 )) 

wherewhere Ar,i=At. i = LI,;E [0,1]. AI,! A" 2 1,1, At. iLt. i E [0, 1]. SinceSince ,1",1 ++ ,1.,,2 == AI,; representsrepresents thethe proportionproportion 
ofof thethe laborlabor forceforce employedemployed inin sectorsector ii inin periodperiod t.t. Hence,Hence, (2)(2) isis equivalentequivalent 
toto 

(14)(14) 

wherewhere wewe havehave usedused thethe linearlinear homogeneityhomogeneity ofof FF 22(K(K22 ,, LL 22 ).). IfIf kk ,l isis given,given, 
thenthen thethe pairpair (k(k I,I. l'l' kk I,I. 2)2) determinesdetermines kk 1+ 111+ uniquely,uniquely, sincesince (13)(13) isis truetrue underunder 
thethe assumptionassumption ofof fullfull employment.employment. 

3.3. SUSTAINEDSUSTAINED GROWTHGROWTH PATHSPATHS 

SinceSince wewe areare notnot interestedinterested inin thethe accumulationaccumulation ofof capitalcapital forfor itsits ownown 
sake,sake, itit isis appropriateappropriate toto definedefine sustainedsustained growthgrowth asas anan equilibriumequilibrium inin 
whichwhich thethe growthgrowth ofof aggregateaggregate consumptionconsumption isis eventuallyeventually boundedbounded awayaway 
fromfrom zero.zero. 

DEFINITION.DEFINITION. LetLet {(P/.1>P/.2,wl,rl)}~1{(PI, I> PI, 2' WI' r l )} ~ 1 supportsupport aggregateaggregate con­con­
sumptionsumption {C I } ~ l' ThereThere isis sustainedsustained ifif onlyonly ifif{C/ } :: 1 . growthgrowth andand 
limlim,, ->-> 0000 infinf CC1I ++ l/C/ >> 1.1.dC I 

{C/} ~ 11 isis notnot bounded,NoteNote thatthat thisthis impliesimplies thatthat thethe sequencesequence {C I }:"= bounded. 
Further,Further, ifif therethere isis sustainedsustained growth,growth, thenthen AssumptionAssumption 11 impliesimplies thatthat 
{KI } lim l -+ L I 1.1.{K,} ~~ 11 isis notnot boundedbounded andand thatthat limr-+ 0000 1/K Isupsup KK ,,++ IIK/ >> 1,1, sincesince L/ == 

TheThe analysisanalysis inin thisthis sectionsection focusesfocuses onon thethe allocationallocation ofof thethe capitalcapital stockstock 
betweenbetween thethe twotwo sectorssectors ofof thethe economyeconomy andand thethe asymptoticasymptotic behaviorbehavior ofof 
factorfactor prices.prices. ConsiderConsider thethe marginalmarginal physicalphysical productproduct ofof capitalcapital inin thethe 
investmentinvestment sector.sector. InIn particular,particular, letlet limk2limk2 -+-T oo1~(k2)cof;(k2 ) ==== bb22 ~~ O.O. WeWe statestate 

PROPOSITIONPROPOSITION 1.1. TheThe economyeconomy displaysdisplays sustainedsustained growthgrowth onlyonly ifif 

(i)(i) j~(k,) 00;00;limlim j~ (Ie 1) == 
kk,l -+-+ 0000 

(ii)(ii) limlim 12(kf2(k 22)) == 00;00; andand 
kk 22 -+ 00- co 

h22 (j.(iii)(iii) limlim 12(kf2(k 22 )) ==== b ~~ D. 
kk 22 -+-+ 0000 

ProofProof SinceSince C, ~~ AI,.lfl(k111(k ll,, dd andand AI,JA/,1 ~~ 1,1, (i)(i) isis necessarynecessary forfor sustainedsustainedC I A1

growth.growth. 
f2(k2 )WeWe establishestablish (ii)(ii) byby contradiction.contradiction. AssumeAssume thatthat .f~(le2) isis boundedbounded fromfrom 
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byby ThenThen thatthat K, + I - K, ~ B - bKt. b > 0,aboveabove B.B. (2)(2) impliesimplies K/-j"I-K/~B-DKt. SinceSince £5>0, 
B-bK1<O forfor largelarge K1 HenceHence {K1};':.1 isis bounded.bounded. SinceSince CC I + 1B-bKI<O K/.. {KI};':'I 1+1 

~ FI(K,+ I, I, 1),1), CC1I ++ 11 isis bounded.bounded. ThisThis againagain impliesimplies nono sustainedsustained growth.growth.~FI(K'+I,I'

b. 12(')WeWe showshow (iii)(iii) againagain byby contradiction,contradiction, AssumeAssume thatthat bb22<< D. SinceSince f2(') isis 
00 suchsuch thatthat 12(kf2(k 22)) << Dk2 forfor allall kk 2z >> 1(2'1(2' ThenThenconcave,concave, therethere isis aa 00 << kk22<< CIJ i5kz 

thethe argumentargument followsfollows thatthat inin (ii).(ii). II 

PropositionProposition 11 isis truetrue eveneven ifif limkl_oo/~(kl»i5.limkl->oof~(kl»b. Hence,Hence, eveneven ifif thethe 
marginalmarginal physicalphysical productproduct ofof capitalcapital inin thethe consumptionconsumption sectorsector isis boundedbounded 
aboveabove thethe raterate ofof depreciation,depreciation, thethe economyeconomy maymay notnot grow.grow. ItIt isis thethe limitinglimiting 
behaviorbehavior ofof thethe investmentinvestment sectorsector thatthat determinesdetermines thethe potentialpotential for growth.growth.lor 

ItIt isis convenientconvenient nownow toto statestate 

PROPOSITIONPROPOSITION 2.2. IfII thethe economyeconomy displaysdisplays sustainedsustained growth,growth, limlimtt -.00-,00 infinf Pt,2Pt,2 
=0.=0. 

AssumeAssume thatthat thethe economyeconomy hashas sustainedsustained growth.growth. ThenThen Proposi­
tiontion 11 impliesimplies thatthat therethere isis aa non-decreasingnon-decreasing subsequencesubsequence ofof {k{k"I, dd ~=~= II thatthat 
isis notnot bounded.bounded. AssumeAssume furtherfurther thatthat therethere isis anan ee>> 00 suchsuch thatthat Pt,Pt, 2z ~~ ee>> 00 
forfor allall butbut finitelyfinitely manymany t.t. ItIt followsfollows thatthat therethere isis aa furtherfurther non-decreasingnon-decreasing 
subsequencesubsequence ofof {k{k lI,, I}d ~=~ II satisfyingsatisfying wtlPt, 22wtip t, kk ,+ 1 ~~ wiBk1 

ProofProof Proposi· 

t+ I w,/ekl ++ I'I . 

AssumeAssume firstfirst thatthat k,,1k,,1 ~k,~kt,2~k/~kl,2 forfor infinitelyinfinitely manymany t.t. ForFor thesethese t,t, (11)(11) 
impliesimplies 

wJekwiekll++ 1=1= [/1[II (k(k ll,,dd -- kk tt,, d~(kt, I)]/ek tt++ 11d'r(k t, dJ/ek 

~~ [/1[/1 (k ll,, I) - kk ll.. d; (k(k ll.. l)J/ek ll ++ I,I, II(1e d - r/; d]/ek 

~~ [/1[/I(k(k ll I
,dd-k,- k t,d;(kI!;(k/t , 

, d]/ekdJ/ek l,,1>
• 
1, 

~

wherewhere thethe firstfirst inequalityinequality followsfollows fromfrom thethe factfact thatthat kk,,++ I,I. JJ ~~ kk ll ++ IJ andand thethe 
secondsecond followsfollows fromfrom thethe factfact thatthat k,,1k,,1 ~kt+ 1,1 forfor thisthis subsequence.subsequence. ButBut thethe 

of /1(') thatthat limt_oo[/I(1(I,l)-kl,d;(kl,d]/ekt,JlimHco[/J(k/,r)-k"d;(k"dJ/ek,.1 
~ k/+ I, I 

concavityconcavity offl(') alsoalso impliesimplies 
O.O. Hence,Hence, forfor largelarge t,t, W'/PI, zkzk tt ++ 1<1< 1,1, whichwhich contradictscontradicts (12).(12). 
PropositionProposition 11 alsoalso impliesimplies thatthat therethere isis aa non-decreasingnon-decreasing subsequencesubsequence ofof economy, 

{k"Z};J~1 thatthat NowNow 

== wip" 

{k/,Z}~=I isis notnot bounded.bounded. assumeassume thatthat k,,2~k/~kl.lk"z~kl~kl,1 forfor 
infinitelyinfinitely manymany t,t, Then,Then, forfor thesethese t,t, 

wJpt,2k'+1 = [fz(kt.z)-kl,zf;(kt,z)]/kl+1W.!PI, zk, + 1= [/2(k,. z) - k l,zl;(k" 2) J/k l+ 1 

~~ [fz(k l,2) - kk l, zf;(k ll,, z)]/k l ++ I,I, Z[/Z(1'I, z) - I, 2/;(k 2) J/k 1 2 

~~ [fz(kl,2)-k t,zf;(kt ,z)]/kt,z,[/2(k" 2) - k l,z/;(kl,2)]/k l,2, 

wherewhere wewe havehave againagain usedused thethe factfact thatthat k'.2~kl+l.2 forfor thisthis subsequence.subsequence.kr.2~kl+J.2

SinceSince f2(') isis alsoalso concave,concave, thisthis tootoo contradictscontradicts (12)(12) forfor largelarge t.t.12( . ) II 



 

 

 

 

 

 

 

  

 

 

 

TheThe followingfollowing CorollaryCorollary isis usefuluseful inin SectionSection 5.5. WeWe statestate itit herehere becausebecause 
itit isis aa propertyproperty ofof equilibrium,equilibrium, andand itit willwill helphelp usus inin describingdescribing thethe savingssavings 
behaviorbehavior ofof thethe agentsagents inin aa growinggrowing economy.economy. 

COROLLARYCOROLLARY IfIf thethe economyeconomy displaysdisplays sustainedsustained growthgrowth andand bb22 ;:;: 15, 
thenthen ii,l++ II ~~ bb22-- b15 forfor infinitelyinfinitely manymany t.t. 

2.1.2.1. ~ b, 

ProofProof AssumeAssume thatthat thethe economyeconomy exhibitsexhibits sustainedsustained growth.growth. LetLet 
PI,PI, 22==== 2 - PI, 2)/Pt.(PI·I·I,(PI·I·I, 2- Pr, 2)/PI. 2'2' SinceSince (9)(9) impliesimplies 

P1+ 1, 2 [p[PI,1,2(12(1 ++ iill ++1)]/[(1-I )]/[ (1 - b15 ++ f;(kf;(k l,++1.I. 2)2)J,J,PI+ I. 2== 

PI. 2 = [i/+ 1 +b- f;(k t+1, 2) J/[l +f;(k l+1,2) - bJ. SinceSince f;(kf;(k l ++ 1,l ,z);;;:'b2) ;;::. b22 ~;:;:15,Pt,2= [il+I+15-f;(kl+l.2)J/[1+f;(kl+I.2)-15J. l b, 
thethe denominatordenominator ofof thisthis expressionexpression isis positive.positive. SinceSince thethe economyeconomy hashas 

growth,growth, 2 forfor infinitelyinfinitely manymany t.t. Hence,Hence, it b­sustainedsustained PI.PI. 2~~ 00 i l++ 1I ++ 15­
f;(k/+l,2)~i/+l+b-b2~0 IIf;(kl+l.2)~i/+1 +15-b2~0 forfor thesethese t.t. 

WeWe maymay alsoalso statestate 

PROPOSITIONPROPOSITION 3.3. TheThe economyeconomy displaysdisplays sustainedsustained growthgrowth onlyonly ifif 
limlim k1 __ oof~(kl)oof~(kl) == O.O.kl 

ProofProof AssumeAssume thatthat thethe economyeconomy displaysdisplays sustainedsustained growthgrowth andand thatthat 
d:;:;: 8limkjlimkj __ 0000 f;f; (k(k 1):;<: e>> O.O. PropositionProposition 11 impliesimplies thatthat therethere isis aa non-decreasingnon-decreasing 

t , 2};: 1thatthat isis notnot bounded.bounded. ForFor thisthis subsequence,subsequence, factorfactorsubsequencesubsequence ofof {k{k l • 2} ~ I

marketmarket conditionsconditions implyimply thatthat PI,Pr, 2;;::'2;;;:'f~f~ (k(kl,,. 1)/1)/f;(kf;(k ,. 2)· SinceSince flfl ((..)) isis concave,concave,l,2)' 
limk2_r.of;(k2)=b2, Hoo infpt,2~f;(kl.l)lf;(kl.2)~elf;(kt,2)·f~(kl.l)/f;(kl.2);:;:e/f;(kl,z)· SinceSince limk2_wf;(k2)=bz, limlim HOCl infpI.2;:;: 

81b IIe/b22 >> 0,0, contradictingcontradicting PropositionProposition 2.2. 

Remark.Remark. LetLet KK ii >> O.O. SinceSince AssumptionAssumption 11 statesstates thatthat Fi(Ki , LJFi(K;, L;) isis 
smoothsmooth onon IR~,IR~, FI(Ki ,PropositionsPropositions 11 andand 22 implyimply thatthat FI(K;, 0)0) == 00 andand thatthat 
Fz(Ki, 0)0) >> O.O. Hence,Hence, laborlabor isis essentialessential inin thethe productionproduction ofof thethe consump­consump­
tiontion goodgood andand laborlabor cannotcannot bebe essentialessential inin thethe productionproduction ofof thethe investmentinvestment 
good.good. 

F2(Ki , 

InIn orderorder toto understandunderstand thethe restrictionsrestrictions thatthat sustainedsustained growthgrowth placesplaces onon 
functions,thethe economy,economy, considerconsider thethe classclass ofof CBSCBS productionproduction functions. WeWe statestate 

3.1.3.1. LetLet fl(kd=(clkf+cz)(l/P),fl(kd=(clkf+C2)(l!Pl, withwith p~l, Cl>O,Cl>O, andandCOROLLARYCOROLLARY p~1,

cc22 >> O.O. ThenThen economyeconomy exhibitsexhibits sustainedsustained growthgrowth onlyonly ifif pp == O.O. 

ProofProof IfIf pp >> 0,0, thenthen flfl (k(k dd isis boundedbounded andand thethe economyeconomy doesdoes notnot dis­dis­
playplay sustainedsustained growth.growth. IfIf pp<O,< 0, thenthen limkl _ wf~ (k1) > 0,limkl_r.of~(kl»O, contradictingcontradicting 
PropositionProposition 3.3. II 

DasguptaDasgupta andand HealHeal [3,[3, pp.pp. 199-200J199-200J mademade aa similarsimilar pointpoint inin theirtheir studystudy 
ofof exhaustibleexhaustible resources.resources. BecauseBecause laborlabor isis aa fixedfixed factorfactor inin aa modelmodel thatthat 
studiesstudies perper capitacapita growth,growth, thethe consumptionconsumption sectorsector isis onon aa knife-edge.knife-edge. TheThe 
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productionproduction functionfunction inin thatthat sectorsector cannotcannot bebe elastic,elastic, becausebecause labor'slabor's shareshare 
goesgoes toto zerozero asas thethe wage-rentalswage-rentals ratioratio rises,rises, nornor cancan itit bebe inelastic,inelastic, becausebecause 
thenthen perper capitacapita outputoutput isis bounded.bounded. ysical 

WeWe cancan statestate anan eveneven moremore con­generalgeneral result.result. Capital'sCapital's shareshare inin thethe con· 
sectorsector f)8 1j (kd==kdj(k(k d )lfI(kd. SinceSince 0~81(kd~1,ej (k rl 1,sumptionsumption isis == k dj (k jj )/11 (k 1)' 0 ~ ~ anyany 

{8 j (k ,.Jl};':1 aranteessequencesequence {ej(k,.d};':l willwill havehave aa convergentconvergent subsequence.subsequence. 

PROPOSITIONPROPOSITION 4.4. TheThe economyeconomy displaysdisplays sustainedsustained growthgrowth onlyonly ifil bbz2 >> 6b 
lim"l_oo inf8 I = f)t > O.andand Iimkl_ <Xl inf 8 t (kd(kd = 8( >0, 

ProofProof s > 0 limkl _ 00 inf 81(k 1) = ej' SinceSincefz(·)f2( , ) isis concave,concave,PickPick 6>0 andand letlet lim"I_<Xl inff}l(kd=8 j • 

(2)(2) impliesimplies thatthat therethere isis 0<]«0 < K< 0000 suchsuch that,that, forfor allall K, ?id?, 
K,K, ++ 11~~ KKtt (( 11-- 66 ++ bb2z++ 8).6). Hence,Hence, K,K, ++ 11tIK,K, ~~ (1(1 -- 0 2 B)15 ++ bbz++ 6) forfor sufficientlysufficiently 
largelarge K"K t • SinceSinceIIfl ((..)) isis concave,concave, therethere isis aa non-decreasingnon-decreasing sequencesequence {C{C tt }} ~ 11 

eventuallyeventually satisfyingsatisfying 

C,+ l/C I ~ 1+ 8I (b 2 - c5 + 8), 

PropositionProposition 11 impliesimplies thatthat bbz2 ~~ 15.0, IfIf bb2z== 15b thisthis contradictscontradicts thethe definitiondefinition ofof 
sustainedsustained growthgrowth sincesince IiIi waswas arbitrary.arbitrary. IfIf a811 == 0,0, thisthis tootoo contradictscontradicts thethe 

growth, IIdefinitiondefinition ofof sustainedsustained growth. 

COROLLARYCOROLLARY 4.1.4.1. IfIf thethe economyeconomy hashas sustainedsustained growth,growth, thenthen 
limr- 00 A,. (Iimr- <Xl supsup At. 1 == 1.1. 

LetLet 8et,j==k'.i==kt.J;.,(k,.J/lt.i(kt,l),t. i == k" i == kt, J;, I(k" ;lIft, ,(k" I), Y, == P" 1QI, j +ProofProof Yt==P,.1Qt.j+Pt.ZQt.2, 
8; ==== PI, ,Q,,;/Y,, 8~ ==== WilY" t _. <Xl supsup 8'.2e~ Pt, iQ,'/Y" andand e~ wr/Yt. PropositionProposition 11 impliesimplies thatthat limlim , _. 
== 11 ifif thethe economyeconomy displaysdisplays sustainedsustained growth.growth. Further,Further, Eq,Eq. (12)(12) andand 
PropositionProposition 44 implyimply thatthat 8~e~ isis boundedbounded awayaway fromfrom zero. SinceSincezero, At,! ~~At,; 00 andand 
,1,,1,1'.1 ++ At,At. 22 == 1,1, thethe identityidentity At.,8f ==== (l(l -- 8I,AI, ie~ 8~ impliesimplies thethe result.result.at. i)i) e~ II 

estment 
IfIf thethe economyeconomy hashas sustainedsustained growth,growth, thethe shareshare ofof thethe laborlabor forceforce 

employedemployed inin thethe consumptionconsumption sectorsector hashas anan accumulationaccumulation pointpoint atat one. 
ThusThus thethe investmentinvestment sectorsector isis essentiallyessentially linearlinear inin capitalcapital inin thethe sensesense thatthat 
limlimr-t _ 00 inn"inf At. 22 == 00 andand lim"2 __ oof;(k<XlI~(k2)2 ) == 2 areare bothboth necessarynecessary forfor'70 lim k2 bb2>> 00 
sustainedsustained growth.growth. 

postulate,PropositionsPropositions 1,1, 2,2, 3,3, andand 44 motivatemotivate thethe followingfollowing postulate. 

AssumptionAssumption 2.2, wth, 

(i)(i) limlim 1;(kl)=O;f;(1<I)=O; nts
kl -)0 0000kJ ­

(ii)(ii) limlim infinf !cd!kd;(kl)/It(kI)!fl (Ie(lc 1)1) == e0 11>> 0;0; andand 
k. --) 'Xlkl_~

(iii)(iii) f;(k 2 )=h >c5,limlim 1;(lc z)=b22 >15. 
k2 cofez -.-. aJ 



 

AssumptionAssumption 2(iii)2(iii) distinguishesdistinguishes thisthis economyeconomy fromfrom thosethose inin moremore conven­conven­
tionaltional modelsmodels inin whichwhich itit isis oftenoften assumedassumed thatthat thethe asymptoticasymptotic marginalmarginal 
physicalphysical productproduct ofof capitalcapital isis zerozero forfor everyevery productionproduction activity.3activity.3 Assump­Assump­
tiontion 2(ii)2(ii) isis aa restrictionrestriction thatthat ensuresensures thatthat capitalcapital willwill alwaysalways bebe sufficientlysufficiently 
productiveproductive inin thethe consumptionconsumption sector.sector. ItIt isis thethe onlyonly assumptionassumption thatthat 
guaranteesguarantees thatthat thethe netnet growthgrowth raterate ofof consumptionconsumption bebe boundedbounded awayaway fromfrom 
zero.zero. 

TheThe simplestsimplest productionproduction functionfunction thatthat satisfiessatisfies AssumptionsAssumptions 11 andand 2(iii)2(iii) 
isis givengiven FF22(K(K22 ,, LL 22 )) == bb22 KK22 ;; indeed,indeed, anyany productionproduction functionfunction ofof thethe formform 
FF22(K(K22 ,, LL 22 )) == bb 22 KK 22 ++ GG22(KL(KL22 ,, LL 22 ),), G2 (K LJ itselfitself isis homogeneoushomogeneouswherewhere GAK22 ,, L 2 ) 

ofof degreedegree one,one, satisfiessatisfies thesethese assumptions.assumptions. 
WeWe summarizesummarize thethe resultsresults ofof thisthis section.section. 

THEOREMTHEOREM 1.1. ThereThere isis anan economyeconomy withwith convexconvex technologytechnology andand finitelyfinitely 
livedlived agentsagents thatthat hashas sustainedsustained growth.growth. SuchSuch anan economyeconomy hashas atat leastleast twotwo 
sectors.sectors. 

ProofProof TheThe existenceexistence ofof suchsuch anan economyeconomy isis demonstrateddemonstrated byby JonesJones andand 
ManuelliManuelli [6,[6, SectionSection 5].5]. TheThe factfact thatthat thethe economyeconomy mustmust havehave atat leastleast twotwo 
sectorssectors followsfollows fromfrom PropositionProposition O.O. II 

TheThe followingfollowing isis alsoalso true.true. 

THEOREMTHEOREM 2.2. ConsiderConsider anan economyeconomy withwith aa convexconvex technologytechnology satisfyingsatisfying 
AssumptionAssumption 1.1. AssumeAssume thatthat thethe agentsagents livelive forfor onlyonly finitelyfinitely manymany periods.periods. IfIf 
thisthis economyeconomy exhibitsexhibits sustainedsustained growth,growth, thenthen 

(i)(i) thethe limitlimit ofof thethe marginalmarginal physicalphysical productproduct ofof capitalcapital inin thethe 
consumptionconsumption goodsgoods sectorsector isis zero;zero; 

(ii)(ii) thethe limitlimit ofof thethe marginalmarginal physicalphysical productproduct ofof capitalcapital inin thethe 
investmentinvestment goodsgoods sectorsector isis greatergreater thanthan thethe raterate ofof depreciation;depreciation; 

(iii)(iii) capital'scapital's shareshare inin thethe consumptionconsumption sectorsector doesdoes notnot approachapproach zero.zero. 

ProofProof ThisThis followsfollows fromfrom PropositionProposition 1,1, 2,2, 3,3, andand 4.4. II 
TheThe importanceimportance ofof TheoremTheorem 22 isis thatthat itit showsshows thatthat JonesJones andand ManuelliManuelli 

[6J[6J havehave givengiven perhapsperhaps thethe simplestsimplest possiblepossible exampleexample ofof aa convexconvex economyeconomy 
inin whichwhich agentsagents livelive forfor finitelyfinitely manymany periodsperiods andand therethere stillstill isis sustainedsustained 
growth.growth. TheyThey useuse aa modelmodel inin whichwhich FI(KI,Ll)=K~lL~-81Fl(Kl,Ll)=K~lL~-81 andand 
FF22(K(K22 ,, LL 22 )) == bb22 KK22 •• TheirTheir analysisanalysis waswas complicatedcomplicated slightlyslightly byby thethe factfact thatthat 
agentsagents werewere endowedendowed withwith aa unitunit ofof laborlabor inin eacheach ofof thethe twotwo periodsperiods ofof 
theirtheir lives,lives, butbut suchsuch anan assumptionassumption isis notnot necessary.necessary. 

NoteNote thatthat thisthis economyeconomy hashas aa fixedfixed supplysupply ofof laborlabor andand thatthat thethe capitalcapital 

]J ItIt isis importantimportant toto emphasizeemphasize thatthat SolowSolow [11][11] diddid notnot imposeimpose thisthis assumptionassumption uniformlyuniformly 
inin hishis seminalseminal work.work. 



(15 ) 

2) 2 

/(1, 

•

j

1

e, it is
 
ever, tb
 

age
 
to
 

J, it m
 
not be
 

plar
 

thE 
uo( co, I 

s. We 
i /+ 1), , 

number 
youth 

sumptio 

(i) s( , 

(ii) 0::: 

is possi 
section, 
ts have 
rollary: 
ing beh~

i,+ 
ency of 
/, i,+d= 

to 
mption: 

me i,+ 1 

a model 
because 

terested n 

7 

 
 

 
 

 
 

 

 

stockstock isis producedproduced inin aa sectorsector thatthat isis asymptoticallyasymptotically linear.linear. ThisThis isis indeedindeed 
thethe simplestsimplest modelmodel thatthat illuminatesilluminates thethe naturenature ofof thethe problemproblem underunder 
investigation.investigation. SuchSuch anan economyeconomy waswas studiedstudied byby Fel'dmanFel'dman [4],4[4],4 butbut hehe diddid hat 
notnot focusfocus onon interestinterest ratesrates andand pricesprices forfor obviousobvious reasons.reasons. oted 

4.4. THETHE GROWTHGROWTH RATERATE ngs 

WeWe areare interestedinterested inin describingdescribing howhow rapidlyrapidly anan economyeconomy grows.grows. LetLet 
G,G, == kktt of++ dk,-dk,- ThenThen wewe maymay definedefine thethe grossgross raterate 0.( growthgrowth ofof thethe economyeconomy 
GG byby 

ecall 
DEFINITION.DEFINITION. GG ==== limlim ,, __ inf0000 inf GG,, .. 

g = G -1.NoteNote thatthat thethe usualusual (net)(net) growthgrowth raterate isis givengiven byby g=G-l. NowNow letlet 
T(T( t,t. ii == K"K" ;/;/K,K, bebe thethe shareshare ofof thethe capitalcapital stockstock usedused inin sectorsector ii atat timetime t;t; notenote , 

Ie,. I] 1C I. IC '.2 T( 2,thatthat let, ii EE [0,[0, 1] andand f( I, 11 ++K" Z == 1.1. ItIt isis notnot surprisingsurprising thatthat 1C t.t. z, thethe shareshare 
ofof thethe capitalcapital stockstock inin thethe investmentinvestment goodsgoods sector,sector, playsplays anan importantimportant rolerole er 
inin describingdescribing thethe growthgrowth raterate ofof thethe economy.economy. 

WeWe maymay statestate 

k /' Ie t t __ OC!00 T( 1,2 == 1(2 _PROPOSITIONPROPOSITION 5.5. AssumeAssume thatthat 00 << k" andand let limlim t infinf /(" z 1C z. ThenThen 

G=I-b+b2 1C 2 • (15)G=l-15+bzl(z· 

Proof O<k t , Eq.Eq. (14)(14) impliesimpliesProal SinceSince 0 < k" 

k,+k,+ tlk,11k, == zf2(lc t. 2)/k(1-(1- J)J) ++A"A" zfz(1't, z)lle ,, 

== 2[f2(lC t, 2)/k 2]z] [k"[le,. 2/ktJ.zlk,].(1-(1- J)J) ++ At,At, z[fz(1't, z)lk
"" hich 

f2(') limt-+ co inf[fz(k == __ wOC! bbz··SinceSince fz(·) isis concave,concave, limr- OC! inf[f2(lc t,2)/k .zJlk tt,z]2] limlim , inff;(kinff;(ktl ,• z) ==l" 
NoteNote thatthat A.AI, 2kt,zk t, zlk2/ktt (L"(Lt. zl2/L,HKLt)(Kt,z/Lr, zlL t,2)(L,/Lz)(L/L ,,)) == K 2/K,.== K" zlKt. TheThe definitionsdefinitions 

" " " 1(2 •• ergesofof /(z andand GG thenthen implyimply (15).(15). 

PropositionProposition 55 showsshows thatthat thethe economyeconomy growsgrows toto thethe extentextent thatthat thethe 
marginalmarginal physicalphysical productproduct ofof capitalcapital inin thethe investmentinvestment sectorsector isis high.high. TheThe 

OPOSITIC economyeconomy alsoalso growsgrows ifif aa largelarge shareshare ofof thethe capitalcapital stockstock isis usedused there.there. TheThe 
mptionsraterate ofof depreciationdepreciation isis aa brakebrake onon growth.growth. NoteNote thatthat AssumptionAssumption 22 isis notnot 

growth.sufficientsufficient toto ensureensure growth, TheThe shareshare ofof thethe capitalcapital stockstock inin thethe investmentinvestment 
sectorsector dependsdepends uponupon thethe savingssavings behaviorbehavior ofof thethe economy,economy, andand wewe havehave notnot 
mademade explicitexplicit assumptionsassumptions aboutabout thethe agents'agents' preferences.preferences. 

lim,_,,~_ infinf 1(" 22TheThe mostmost importantimportant implicationimplication ofof PropositionProposition 55 isis thatthat lim , 0'0 

b/b 2 necessarynecessary forfor growth.growth. AssumptionAssumption 22 impliesimplies thatthat bjb 2 ~~ 15lb z isis 15lb z EE (0,(0, 1);1); 

41 reference,4 I thankthank RobertRobert BeckerBecker forfor thisthis helpfulhelpful andand eruditeerudite reference. 



 

 

 

 

 

hence,hence, itit isis alwaysalways possiblepossible forfor thisthis economyeconomy toto grow.grow. ItIt isis notnot certain,certain, 
however,however, thatthat thethe agentsagents willwill choosechoose toto grow.grow. TheThe keykey toto ensuringensuring growthgrowth 
isis thatthat agents'agents' preferencespreferences areare suchsuch thatthat thethe shareshare ofof thethe capitalcapital stockstock 
devoteddevoted toto investmentinvestment isis sufficientlysufficiently high.high. EvenEven thoughthough growthgrowth isis feasiblefeasible ifif 
bb22 >> fJ,fJ, itit maymay notnot supportedsupported asas anan equilibrium.equilibrium. IfIf growthgrowth doesdoes occur,occur, itit 
maymay notnot bebe optimal.optimal. 55 WeWe turnturn ourour attentionattention nownow toto whetherwhether agentsagents choosechoose 
savingssavings plansplans thatthat allowallow forfor growth.growth. 

5.5. EQUILIBRIUMEQUILIBRIUM GROWTHGROWTH 

RecallRecall thatthat thethe agents'agents' preferencespreferences areare describeddescribed byby smoothsmooth utilityutility func­func­
tionstions uo(co.uo(co. 1)1) andand u,(c,."u,(c,." cc II ,, 1+1+ d,d, wherewhere cc II ,, ss isis consumptionconsumption byby agentagent tt atat 
timetime s.s. WeWe summarizesummarize thethe choiceschoices ofof agentagent tt ~~ 11 byby thethe savingssavings functionfunction 
s(s(w"w" ifif ++ d,d, wherewhere thethe imageimage setset ofof thisthis mappingmapping isis thatthat ofof thethe non-negativenon-negative 
realreal numbers.numbers. TheThe valuevalue ofof s(ws(w l ,, i,+di,+d isis thethe consumptionconsumption agentagent tt forgoesforgoes 
inin herher youth.youth. WeWe assumeassume 

I 

AssumptionAssumption 3.3. TheThe functionfunction s:s: IRIR ++ xx (-1,(-1, ++ (fJ)(fJ) ~~ IRIR ++ satisfiessatisfies 

(i)(i) s(ws(w ll ,, i'+I)i'+I) isis smooth;smooth; andand 

(ii)(ii) O~s(W"it+l)~Wt.O~s(W"it+l)~Wt.

ItIt isis possiblepossible toto bebe thisthis generalgeneral becausebecause TheoremTheorem 3,3, thethe mainmain resultresult ofof 
thisthis section,section, describesdescribes onlyonly aa necessarynecessary conditioncondition forfor growth.growth. NoteNote thatthat 
agentsagents havehave identicalidentical preferencespreferences sincesince theythey havehave thethe samesame savingssavings function.function. 

CorollaryCorollary 2.12.1 isis nownow handyhandy becausebecause itit impliesimplies thatthat wewe cancan considerconsider thethe 
limitinglimiting behaviorbehavior ofof thethe savingssavings functionfunction s(ws(w II ,, i,+di,+d onon aa restrictedrestricted domaindomain 
inin whichwhich ii ,,++ 11 ~~ bb22 -- O.O. ThisThis upperupper boundbound isis increasingincreasing inin thethe netnet marginalmarginal 
efficiencyefficiency ofof investment.investment. SinceSince thethe savingssavings functionfunction isis smooth,smooth, letlet 
sl(wsl(w ii,,+d=8s(w+d=8s(w i'+1)j8wi'+1)j8w ,,.. DefineDefine r=:l-fJ+br=:l-fJ+b 22 ;; sincesince I-fJ+f;(kI-fJ+f;(k22 )) 

"" "" convergesconverges toto T,T, thisthis isis thethe limitinglimiting grossgross marginalmarginal efficiencyefficiency ofof investment.investment. 
AssumptionAssumption 22 impliesimplies thatthat r>r> 1.1. 

PROPOSITIONPROPOSITION 6.6. LetLet limlim ww,-+,-+ coco 8s(w"8s(w" i,+1)j8wi,+1)j8w II =SI(i,+I),=SI(i,+I), andand letlet 
AssumptionsAssumptions 1,1, 2,2, andand 33 hold.hold. IfIf thethe economyeconomy displaysdisplays sustainedsustained growth,growth, thenthen 

forfor somesome ii ,,++ 11 ~~ bb22 -- O.O. 

55 InIn aa modelmodel ofof overlappingoverlapping generations,generations, thethe notionnotion ofof anan optimaloptimal consumptionconsumption planplan isis 
subtlesubtle becausebecause therethere areare infinitelyinfinitely manymany (dated)(dated) commoditiescommodities andand infinitelyinfinitely manymany agents.agents. 
TheThe interestedinterested readerreader willwill enjoyenjoy ShellShell [10].[10]. 
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ProofProof ConsiderConsider a non-decreasingnon-decreasing subsequencesubsequence ofof {k t,2};:1' SinceSince thethe 
savingssavings ofof agentagent tt purchasepurchase thethe economy'seconomy's stockstock ofof capital,capital, 

a {let, 2} ~ I' 

(17)s(w" il+d=pt,2K,+I' (17) 

Let K" I == K, - K ziGt. 2; then (17) implies
" 

[( wllr,)(s(w l , it + I)jW,) +Kr, 1JIKt = [1 - e5 +f;(let,2)]lf'z(k l • 2)' 

e 
T/b 2TheThe rightright sideside ofof thisthis expressionexpression convergesconverges toto F/b 2 •• 

NowNow considerconsider thethe leftleft side.side. FixFix iitr++ 1l ;; thenthen s(wt>s(w , iil ++ 1 )/w)/w t, convergesconvergesr l l 

toto SI(i, + d,d, wherewhere wewe havehave usedused L'Hopital's rule.rule. NoteNote thatthatsl(i,+ L'H6pital's 
w,/r l == (K" tiLl, d(1- B,.l)le t, I; AssumptionAssumption 22 impliesimplies thatthat (1- fJt, diet, 1wJr I (K,. dL 1)(1- GI, die I, 1; (1 - 0t,

" hashas anan accumulationaccumulation pointpoint atat (1 - andand impliesimplies(1- ee11 )Ie)Ie l'l' CorollaryCorollary 4.14.1 
limlim 1 _t _ 00co supsup LL 1t,,1I == 1.1. SinceSince RKtr•, tIdK,K,== 11 -- (1 - dK,)10 1,2 andandthatthat (1- K"K" tIK, )/fJ '.2 

lim,_oofJ,,2=1, simplesimple algebraalgebra showsshows thatthat K,.tlK/ hashas anan accumulationaccumulation 
pointpoint givengiven byby 
limr-coO,,2=1, K"dKt 

K" dK, = 01[(1- 0d .1'1 (it +d +0lr I [T/b 2 ]. (18)(18) 

NoteNote thatthat (18)(18) describesdescribes aa balancedbalanced growthgrowth pathpath forfor eacheach i,+ I'I' TheThe grossgross 
raterate ofof growthgrowth impliedimplied byby thisthis pathpath followsfollows fromfrom (15).(15). II 

i,+ 

model 

TheThe ragerage ofof growthgrowth isis increasingincreasing inin thethe marginalmarginal efficiencyefficiency ofof investmentinvestment 
andand inin thethe marginalmarginal propensitypropensity toto save,save, correspondingcorresponding toto one'sone's usualusual 
intuition.intuition. 

TheThe followingfollowing corollarycorollary summarizessummarizes thethe implicationsimplications ofof PropositionProposition 6, 

COROLLARYCOROLLARY 6.1.6.1. LetLet lim",,_ 00 os(wt> il+ dlow, = S101+ 1)' IfIf Assump­
tionstions 1,1, 2,2, andand 33 holdhold andand thethe economyeconomy displaysdisplays sustainedsustained growth,growth, thenthen 

lim",,_co os(w" it+dlow,=sl(i,+l)' 

(i)(i) [(1-01)(b[(I-fJd(b22-6)]-1-o)]-1 0e11<sl(it+dfor<sl(il+dfor somesome ii l++11~b2-(5;~b2-0;
l 

(ii)(ii) G~(1-0dr;andG~ (l-fJd r; and 

(iii)(iii) lim r _,,=, inf(l +il+1)=rjG I- Olimt_""inf(1+il+l)=F/Gl-O,.,. 

ProofProof IfIf thethe economyeconomy displaysdisplays sustainedsustained growth,growth, thenthen G>G>1.1. Hence,Hence, 
(16)(16) impliesimplies thatthat (i)(i) isis truetrue forfor somesome il-I-Ii t + 1~~ b2 - (j.o.b2 ­

3 .1'1 (WI' ir+ I) ~ 1forfor largelargew,.w,. ThenThen (16)(16)impliesimpliesAssumptionAssumption 3impliesimplies thatthat s1(WI> i/+ 1) ~1 
(ii(ii).). 

nsumpEquationEquation (9)(9) impliesimplies thatthat 1+i'+1=[Pt+l,2Ip',2J[1-o+f~(k,,2)].

ConsiderConsider non-decreasingnon-decreasing subsequencessubsequences {le,.{k t,i}i}~;:11 constitutingconstituting aa balancedbalanced 
pathpath growinggrowing at raterateat G.G. ThenThenPIPI++I,I,21p21p 1,2 convergesconverges to GOI - 1, 

1+il+I 

1,2 to GOI'- I, wherewhere we 
havehaveusedusedAssumptionAssumption 2andandCorollaryCorollary 4,1.TheTheresultresultfollowsfollowsfromfromthethefactfact2 4.1. 

1 -- 6 +f'z(le l • 2) IIthatthat 1 0 +f~(k" 2)convergesconvergestotor.r. 
PartPart(i)(i) ofthisthiscorollarycorollaryplacesplaces alowerlowerboundboundononthethemarginalmarginal propen­of a 



sitysity toto save;save; thisthis boundbound isis decreasingdecreasing inin thethe marginalmarginal efficiencyefficiency ofof invest­invest­
ment,ment, butbut itit isis stillstill necessarynecessary toto havehave sufficientsufficient savingssavings toto sustainsustain growth.growth. 
ThisThis isis aa pointpoint thatthat RostowRostow [9][9] emphasizedemphasized inin hishis influentialinfluential work.work. PartPart 
(ii)(ii) statesstates thatthat labor'slabor's shareshare inin thethe consumptionconsumption sectorsector hashas toto bebe sufficientlysufficiently 
high,high, andand PartPart (iii)(iii) showsshows thatthat thethe asymptoticasymptotic interestinterest raterate isis increasingincreasing inin 
thethe marginalmarginal efficiencyefficiency ofof investmentinvestment andand decreasingdecreasing inin thethe raterate ofof growthgrowth 
ofof thethe economy.economy. CorollaryCorollary 6.16.1 impliesimplies thatthat growthgrowth isis efficientefficient ifif itit occurs.occurs. 

TheThe followingfollowing isis thethe mainmain resultresult ofof thisthis paper.paper. 

THEOREMTHEOREM 3.3. LetLet AssumptionsAssumptions 1,1, 2,2, andand 33 hold,hold, andand letlet rr bebe thethe limitinglimiting 
marginalmarginal efficiencyefficiency ofof investment.investment. ThenThen sustainedsustained growthgrowth occursoccurs onlyonly ifif rr 
(l - e1)(1- 8d >> 1.1. ItIt isis furtherfurther necessarynecessary thatthat thethe limitinglimiting valuevalue ofof thethe marginalmarginal 
propensitypropensity toto savesave satisfysatisfy 

(19)(19) 

i ,+ 1:::;; b,D, forfor thethe economyeconomy toto exhibitexhibit sustainedsustained growth.growth.forfor somesome i,+ 1"';; bb22 -­

ProofProof ThisThis followsfollows fromfrom PropositionsPropositions 55 andand 6.6. II 
II considerconsider TheoremTheorem 33 toto bebe aa fairlyfairly negativenegative result.result. ItIt showsshows thatthat thethe sim­sim­

plestplest modelmodel inin whichwhich therethere isis convexconvex technologytechnology withwith finitelyfinitely livedlived agentsagents 
exhibitsexhibits sustainedsustained growthgrowth onlyonly underunder aa restrictiverestrictive setset ofof assumptions.assumptions. TheseThese 
assumptionassumption describedescribe necessarynecessary relationshipsrelationships betweenbetween thethe twotwo sectorssectors ofof thethe 
economyeconomy andand putput aa lowerlower boundbound onon thethe limitinglimiting marginalmarginal propensitypropensity toto 
save.save. 66 PerhapsPerhaps thethe mostmost interestinginteresting implicationimplication ofof thisthis sectionsection isis thatthat thethe 
conditionsconditions allowingallowing forfor thethe possibilitypossibility ofof sustainedsustained growthgrowth havehave toto dodo withwith 
bothboth thethe technologytechnology andand thethe preferencespreferences ofof thethe economyeconomy describingdescribing thethe 
asymptoticasymptotic balancedbalanced growthgrowth path.path. 

6.6. CONCLUSIONCONCLUSION 

WeWe havehave examinedexamined thethe generalgeneral structurestructure ofof thethe simplestsimplest modelmodel ofof 
sustainedsustained consumptionconsumption growthgrowth inin whichwhich thethe technologytechnology isis convexconvex andand 
agentsagents livelive forfor onlyonly finitelyfinitely manymany periods.periods. SuchSuch anan economyeconomy mustmust havehave atat 
leastleast twotwo sectors,sectors, andand thethe termsterms ofof tradetrade betweenbetween thethe investmentinvestment goodgood andand 
thethe consumptionconsumption goodgood mustmust worsen.worsen. TheThe raterate ofof growthgrowth ofof thethe economyeconomy 
dependsdepends uponupon thethe marginalmarginal efficiencyefficiency ofof investmentinvestment andand thethe shareshare ofof capitalcapital 
devoteddevoted toto investment.investment. TheThe investmentinvestment sectorsector isis thethe "engine"engine ofof growth"growth" forfor 

66 IfIf thesethese periodsperiods correspondcorrespond toto 2525 years,years, thenthen aa roughrough estimateestimate ofof thethe marginalmarginal efficiencyefficiency 
ofof investmentinvestment inin thethe UnitedUnited StatesStates wouldwould setset bb22 -6- (j == OJ ~2.2. Likewise,Likewise, 01 == *isis plausible.plausible. Hence,Hence, 
TheoremTheorem 33 statesstates thatthat itit isis necessarynecessary thatthat thethe limitinglimiting marginalmarginal propensitypropensity toto savesave bebe grealergrealer 
thanthan kkforfor thatthat economyeconomy toto grow.grow. 
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the economy;economy; if the technologytechnology is convex, this sector must exhibit anthe if the is convex, this sector mus 
asymptoticallyasymptotically linearlinear technology.technology. This resultresult is quitequite general;general; any growingThis is 
convex economyeconomy must havehave a suchsuch a sector. A highhigh marginalmarginal efficiency ofconvex must a a sector. A 

investmentinvestment willallowallow theeconomyeconomy to grow even ifonlyonly asmallsmall share of thewill the to grow even if a 
capitalcapital stockstock is devoteddevoted to investment.investment.is to 

This paperpaper has notexploredexplored theconditionsconditionssufficientsufficient to ensure sustainedThis has not the 	 to ensu 
growthgrowth in thismodel.model. Onewouldwould need toplaceplacemuchmuch more structure on thein this One need to more stru 
agents'agents' savingssavings behaviorbehavior in orderorder to describedescribe thesethese conditions fully. Still,in to condition 
therethere are preferencespreferences suchsuch that the economyeconomy will not grow,grow, even if theare 	 that the will not 
marginalmarginal efficiencyefficiency ofinvestmentinvestment is high.high.of is 
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