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ABSTRACTABSTRACT AA secondsecond LerayLeray spectralspectral sequencesequence ofof relativerelative 
hypercohomologyhypercohomology isis constructed.constructed. (This(This isis skewskew inin generalitygenerality toto 
anan earlierearlier oneone constructedconstructed byby S.S. LubkinLubkin [(1968)[(1968) Ann.Ann. Math.Math. 87,87, 
105-255].)105-255].) TheThe Mayer-VietorisMayer-Vietoris sequencesequence ofof relativerelative hrperco­hyperco­
homologyhomology rLubkin, S.S. (1968)(1968) Ann.Ann. Math.Math. 87,87, 105-255]105-255] IS alsoalso[Lubkin, is
 
generalizea.generalized.
 

ThisThis notenote providesprovides aa generalizationgeneralization ofof thethe Leray spectralspectral se­
quence.quence. ThisThis materialmaterial waswas originallyoriginally presentedpresented inin thethe seminarseminar 
"Zeta"Zeta MatricesMatrices ofof anan AlgebraicAlgebraic Family,"Family," givengiven byby S.L.S.L. atat 

Leray se-


HarvardHarvard Vniversity duringduring thethe fallfall ofof 1969.1969. OurOur secondsecond LerayLeray 
spectralspectral sequencesequence ofof relativerelative hypercohomologyhypercohomology hashas importantimportant 
applicationsapplications inin algebraicalgebraic geometry,geometry, complexcomplex analyticanalytic geometry,geometry, 
andand thethe theorytheory ofof hyperfunctionshyperfunctions ofof severalseveral variables.variables. 

University
 

AlsoAlso wewe generalizegeneralize thethe Mayer-VietorisMayer-Vietoris sequencesequence inin ref.ref. 1,1.6,1, I.6,
 
CorollaryCorollary 4.3.4.3. (This(This generalizedgeneralized Mayer-Vietoris sequencesequence waswasMayer-Vietoris

alsoalso presentedpresented inin thethe samesame seminar,seminar, "Zeta"Zeta MatricesMatrices ofof anan Al­
gebraicgebraic Family,"Family," inin 1969.)1969.) 

Al­

1.1. TheThe secondsecond LerayLeray spectralspectral sequencesequence ofof 
hypercohomologyhypercohomology modulomodulo anan openopen subsetsubset 

THEOREM.THEOREM. LetLet XX andand YY bebe topologicaltopological spaces;spaces; letlet ff bebe aa con­
tinuoustinuous mapmap fromfrom XX toto Y;Y; letlet VU bebe anan openopen subsetsubset inin X;X; andand 

Co+(Y(X)) 

con-


letlet VV bebe anan openopen subsetsubset inin Y.Y. LetLet usus denotedenote byby Co+(8(X)) thethe 
categorycategory ofof positivepositive cochaincochain complexescomplexes ofof sheavessheaves ofof abelianabelian 
groupsgroups onon X.X. ForFor eacheach openopen subsetsubset WW inin YY andand F*F* EE 
Co+(8(X)), definedefine Hyq(X,V,~*) toto bebe thethe sheafsheaf associatedassociated totoCo+(e(X)), Hyq(X,U,5*)

thethe presheafpresheaf (W(W NI'+ Hq(f-1(W),f-l(W) n V,~*)). ThenThen therethere 
isis inducedinduced aa first-quadrantfirst-quadrant cohomologicalcohomological spectralspectral sequencesequence 

Eq == HP(Y,V,HI(X,U,5(*)) abuttingabutting toto Ho(X,f-l(V) 

Hq(f-l(W),f-1(W) n u,5I*)).
 

withwith EE,q HP(Y,V,H~(X,V,~*)) Hn(X,f-l(V) 
UU,5*).UV,~*). 

Note.Note. WeWe callcall thisthis spectralspectral sequencesequence "the"the secondsecond LerayLeray 
spectralspectral sequencesequence ofof relativerelative hypercohomology"hypercohomology" becausebecause therethere 
isis anotheranother well-knownwell-known LerayLeray spectralspectral sequencesequence ofof relativerelative hy­hy­
percohomologypercohomology (ref.(ref. 1,1, 1.6; pp.pp. 151-152),151-152), whichwhich wewe nownow callcall 
thethe firstfirst LerayLeray spectralspectral sequencesequence ofof relativerelative hypercohomology.hypercohomology. 

I.6;
 

ThisThis secondsecond LerayLeray spectralspectral sequencesequence ofof relativerelative hypercoho­
mologymology isis veryvery generalgeneral (but(but isis skewskew inin generalitygenerality withwith respectrespect 

hypercoho­

toto thethe firstfirst LerayLeray spectralspectral sequencesequence ofof relativerelative hypercohomol­
ogyogy asas defineddefined inin ref.ref. 1,1, 1.6,1.6, pp.pp. 151-152).151-152). 

hypercohomol-


AsAs specialspecial casescases ofof thethe theoremtheorem wewe havehave thethe followingfollowing co­
rollaries.rollaries. f idx, writewrite forfor 

co­
[If[If f == idx, wewe Hq(X,U,~*)Hq(X,U,j7*)

HI (X,U,J ). ]H~(X,U,~*).] 

1.1. IfIf ff isis anan ESq =COROLLARYCOROLLARY identityidentity map,map, thenthen EE,q 
HP(X,V,Hq(X,V,~*)) withwith thethe abutmentabutment HO(X,V UU V,~*). 

COROLLARYCOROLLARY 2.2. IfIf ff isis anan identityidentity mapmap andand ifif VU = <P, thenthen
HP(X,V,Hq(X,U,5f*)) Hn(X,V US*).
 

= 4, 
HP(X,V,Jiq(':J*)) withwith thethe abutmentabutment HO(X,V,~*), ininEE,qE~,q == HP(X,V,yiq(j7*)) Hn(X,V,J*),

whichwhich Jiq(~*) == ker(':Jq -+ ~q+l)/Im(':Jq-l-+ ':Jq). NoteNote thatthat]jq(5f*) ker(5fq 5rq+l)/Im(jq-l q).

CorollaryCorollary 22 isis thethe secondsecond spectralspectral sequencesequence ofof relativerelative hyper­hyper­
cohomologycohomology asas defineddefined inin ref.ref. 1,1.6, p.p. 141,141, equationequation 2.2. Thus,Thus, 
thatthat spectralspectral sequencesequence isis aa specialspecial casecase ofof thethe theorem.theorem. 

== X, 

1, I.6,
 

COROLLARYCOROLLARY 3.3. IfIf ff isis anan identityidentity mapmap andand ifif VV <p, thenthen 

TheThe publicationpublication costscosts ofof thisthis articlearticle werewere defrayeddefrayed inin partpart byby ~age 

chargecharge payment.payment. ThisThis articlearticle mustmust thereforetherefore bebe herebyhereby markedmarked "ad­
page


ad­
vertisement"vertisement" inin accordanceaccordance withwith 1818 U.U. S.S. C.C. §1734§1734 solelysolely toto indicateindicate 
thisthis fact.fact. 

E~,q = HP(X,Hq(X,U,5f*))HP(X,Hq(X,V,~*)) andand thethe abutmentabutment isis Ho(X,V,':J*).EE,q = Hn(X,U,J*).
Note.Note. LetLet XX bebe anan openopen subsetsubset DD inin Cnen = = ~CX...XC andand letlet 

nn timestimes 
UU = = DD -- J* 0,RnRn n DD andand letlet ~* bebe thethe singlesingle sheafsheaf (Q, sheafsheaf ofof 
germsgerms ofof holomorphicholomorphic functionsfunctions onon D,D, thenthen Hn(D,DHO(D,D -- RnRn n 
D,(0) nD,(Q) isis calledcalled thethe sheafsheaf ofof hyperfunctionshyperfunctions onon RnRn n DD (ref.(ref. 
2).2). Ilet
COROLLARYCOROLLARY 4.4. LetLet ff bebe aa continuouscontinuous mapmap fromfrom XX toto Y;Y; et 
VU = V·== <p; letlet 5r*~* bebe aa singlesingle sheafsheaf ':J E S(X);8(X); letlet (Rqf*)pre(~)= V 0; 5 F (Rqf*)pre(5)

NI'+bebe thethe presheafpresheaf defineddefined byby WW Hq(f-1(W),':J); andand letletHq(f-'(W),'I);

(Rqf*)(~) bebe thethe sheafsheaf associatedassociated toto thisthis presheaf.presheaf. ThenThen inin thisthis 
specialspecial casecase wewe obtainobtain thethe mostmost familiar,familiar, ordinaryordinary LerayLeray 
(Rqf*)(5r)
 

spectralspectral sequencesequence withwith E~,q = HP(Y,(Rqf*)(~)) andand withwithEEq = HP(Y,(Rqf*)(5r))

abutmentabutment HO(X,':J). 

= VV = 7* = = ':J inin thethe the-the­
Hn(X,'7).
 

= X 57Note.Note. InIn thisthis case,case, whenwhen UU = <p andand ~* 

orem,orem, wewe havehave thatthat Hyq(X,~) = (Rqf* )(':J). 
COROLLARYCOROLLARY 5.5. IfIf FF isis aa continuouscontinuous mapmap fromfrom XX toto Y,Y, F*F* 

F Co+(e(X)), U VV <p, thenthen wewe havehave aa spectralspectral se-se­

Hyq(X, 7) = (R f*)(5).
 

E Co+(8(X)), andand V == == X,
III,quencequence ofof ref.ref. 3,3, chapterchapter 111, sectionsection 2.2. 

ProofProof ofof thethe theorem.theorem. WeWe useuse thethe theoremtheorem ofof thethe spectralspectral 
sequencesequence ofof aa compositecomposite functor.functor. FirstFirst notenote thatthat thethe abelianabelian 
categorycategory Co+ (8(X)) hashas enoughenough injectivesinjectives (ref.(ref. 1,1.1, TheoremTheoremCo + (@(X)) 1, I. 1,
 

relative
2)2) andand thatthat thethe rel~tive hypercohomologyhypercohomology isis aa systemsystem ofof derivedderived 
functorsfunctors onon Co+(8(X)) (ref.(ref. 1,1.1, pp.117-118). WeWe mustmust firstfirstCo+ (@(X)) 1, I.1, pp. 117-118).

showshow thatthat HO(Y,V,H~(X,U,~*))= HO(X,f- 1(V) UU U,~*) forfor 
~*V* F Co+(eV(X)). H°(f-I(W),

HO(Y,V,Hy(X,U,J(*)) = HO(Xf-'(V) USA)

E Co+(8(X)). ThisThis isis truetrue becausebecause WW NI'+ .H°(j-l(W), 

f- 1(W) nn U,':J*) isis obviouslyobviously aa sheaf.sheaf. ItIt remainsremains toto showshow thatthatf-'(W) U, V)

H~(X,U,.1*) isis flaskflask forfor anan injectiveinjective objectobject .1* inin Co+Co+ (8(X)) 
-Le.,i.e., aa cochaincochain complexcomplex .1*X suchsuch thatthat JO -+ S.11 -+ ••• --+ .1n+5f+ 11 

Ho(X,U,Y*) 5* (&(X))

50 .. 

-+ •••... isis exact,exact, suchsuch thatthat 5i.1i isis injective,injective, allall jj ~ 00 andand suchsuch thatthat>
 

ker(.1o -+ .11) isis injectiveinjective (ref.(ref. 1,1, 1.1,1.1, TheoremTheorem 2).2). ButBut 
H~(X,U,.1*)Ho(X,U,*) == Hy(X,U,J) = = J
ker(°0 X, 51)


H~(X,U,.1) inin whichwhich .19 JiO(.1*),]fO(5*), soso thatthat .1 isis 
injectiveinjective (ref.(ref. 1,1, 1.1, TheoremTheorem 2).2). ThereforeTherefore itit remainsremains toto showshowI. 1,
 
thatthat H~(X,U,.1) isis flaskflask whenwhen .1 isis anan injectiveinjective sheaf.sheaf. IfIf WW isis ananHo(X,U,5) .Y
 
openopen subsetsubset inin Y,Y, thenthen itit sufficessuffices toto sh.ow thatthat r(Y,H~(X,U,':J)) 

F(W,H°(X,U,J)) isis epimorphism.epimorphism. LetLet s F 
show r(Y,H°(X,U,5))
 

-+ r(W,H~(X,U,.1)) anan SI.. E 
HO(j-l(W),f- 1(W) nn U,:I) = = r(W,H~(X,U,.1)) andand letlet S2S2 EF 
F(U,5) ThenThen therethere existsexists Sss3 EF
Ho0f-'(W),f-1(W) UJ) F(WHO(XUJ))

r(U,.1) bebe thethe zerozero sectionsection ofof U.U. 

f-'(W),5) s3Jf'(W) = SI andand ssls31 UU = S2.S2r(Ur(U UU f- 1(W),.1) suchsuch thatthat sslf- 1(W) = s, = 
HenceHence wewe havehave ss E r(X,.1) suchsuch thatthat ssI(U(U UU f- 1(W)) =eF (X,J) I f '(W)) = SsS3 
because:l isis flask.flask. ThenThen ss E HO(X,U,:I) mapsmaps intointo SI.because 5 F H0(X,U,J) s .
 

2.2. TheThe generalizedgeneralized Mayer-VietorisMayer-Vietoris sequencesequence 

THEOREM.THEOREM. LetLet XX bebe aa topologicaltopological space;space; letlet V, V', V,V, andand V'V'U, U',
 
U' J*
bebe openopen subsetssubsets inin XX suchsuch thatthat V' CC UU andand V'V' CC V;V; andand letlet ~* 

E Co+(8(X)). ThenThen therethere isis inducedinduced aa longlong exactexact sequencesequenceG Co+(&P(X)).
 

dn-1 . pn HO(U,V',~*)dn- 1 pO Hn(U,U , r) 
.... -> HHn(U VU'
• • • • -----.. HO(U UU V,U' UU V/,~*)V',"7*) -----..H>(U~ 

Hn(V,V',l*)HO(V,VI, ':J *) 
(inain
 

-----.. HO(U n V,U n V/,~*)30 Hn(u (a v,u,' (n v/,5*) 

dn
 
-o Hn+l(U U V,U' U V',*) * * *.
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FIG.FIG. 1.1. CommutativeCommutative diagram.diagram. 

map p a"wherewhere thethe map' pO isis inducedinduced byby restrictions,restrictions, andand thethe mapmap an 
isis inducedinduced byby thethe restrictionrestriction HO(U,U',~*) -+ Hn(u nn v,u' nnHn(U,U',5I*) - Hn(U vu'
 
V',F*)V',F*) andand thethe negativenegative ofof thethe restrictionrestriction Hn(v,V',~*)Hn(V,Vf,"7*) -+ 

Hn(uHn(u nn V,U' nn V',~*). 

Proof.Proof. InIn generalgeneral ifif wewe areare givengiven anan exactexact sequencesequence ofof 
vxr v,,5r*).
 

-
functorsfunctors andand naturalnatural transformationstransformations 00 -+ FF -+ GG -+ HH (from(from 
oneone abelianabelian category,category, havinghaving enoughenough injectives,injectives, intointo anotheranother 
abelianabelian category)category) suchsuch thatthat G(I)G(I) -+ H(I)H(I) isis anan epimorphismepimorphism 
wheneverwhenever 1 isinjective, andand ifif HH isis leftleft exactexact andand GG isis halfhalf exact,exact,I is injective,

thenthen therethere isis inducedinduced aa lon~ exactexact sequencesequence 00 -+ FF -+ GG -+ HHlong
 
-+RIFRIF -+ RIG -+ RIHd -+ ••• cfn-1 -+RnFRnF -+RnGRnG -+D-*RIG RIHdz ... a -1*
 
RnHcJn -+ Rn+ IF -+. • • (ref.(ref. 4, III, ExerciseExercise 5,5, p.p. 52).52). There­
forefore itit sufficessuffices toto showshow that,that, forfor J (4(X)), se-
RnHdn -Rn+ F -.*. 4,III,	 There­

~ * EE CoCo ++ (8(X)), thethe se­
quencequence 

HO(V V' ~*)-	 HO (U,Uf,5*)
pO " 

0-+ HO(V UU V,V' UU V',~*) _0 HO(U V,U.' Vf'J*) ~ EDdo 
HO(V,V',~*)H°(V,V , 5*
 

a0	 
HO(u n vup n v ) [ii
 

p0 a0
isis exact,exact, inin whichwhich pO andand aO areare defineddefined asas inin thethe statementstatement ofof 
thethe theorem,theorem, andand alsoalso toto showshow thatthat forfor anan injectiveinjective objectobject J*J* inin 
Co+(8(X)) thethe sequencesequenceCo+ (S(X))
 

-0 HO(V,V',J*) 
.00O -+ HO(V UU V,V' UU V',J*) ~30 ED 

- . p 
HO(U,Uf',*)

HOWU VU'1 VI',Y*) 01
 
HO(V,V",a*)
HO(V,V',J*) 

a Oa0
 
~ HO(V nn V,V' n V',J*) -+ 0 [2][2]HO(U v,u' n v',5*) - o
 

isis exact.exact. EquationEquation 11 isis plainlyplainly truetrue fromfrom thethe definitionsdefinitions ofof pO andand 
a0.aO. ToTo proveprove Eq.Eq. 2,2, wewe cancan replacereplace J* byby J 110(5*), 

p0

5* 5 == JfO(J*), whichwhich 

isis injectiveinjective (ref.(ref. 1,1, 1.1, TheoremTheorem 2).2). ConsiderConsider thethe commutativecommutative 
diagramdiagram withwith exactexact columnscolumns shownshown inin Fig.Fig. 1.1. WeWe mustmust showshow 
thatthat thethe bottombottom rowrow isis exact.exact. ButBut byby thethe ninenine lemma,lemma, itit sufficessuffices 
toto showshow thatthat thethe toptop twotwo rowsrows areare exact.exact. ThereforeTherefore inin orderorder toto 

I. 1,
 

TO 2 isis anan epimorphism,epimorphism, wewe areare -re­proveprove thatthat thethe mapmap aO inin Eq.Eq. ~ re­
ducedduced toto thethe casecase inin whichwhich V'U' = V== <f>,, 5*J* = 5 sin­= V' = J aa sin­

gle' injectiveinjective sheaf.sheaf. ButBut thenthen thethe restrictionrestriction mapmap HO(V,J)


.HO(U nn V,5) isis anan epimorphismepimorphism becausebecause J:J isis
 
gle	 HO(U,5)

-+;;.,HO(V V,J) 
flask.flask. 

. .	 q.e.d.q.e.d. 
RemarkRemark 1.1. InIn ref.ref. 1,1, 1.6,1.6, CorollaryCorollary 4.3,4.3, Mayer-VietorisMayer-Vietoris se­se­

quencesquences andand thethe firstfirst LerayLeray spectralspectral sequencesequence ofof relative" hy­
percohomologypercohomology areare establishedestablished forfor punctualpunctual cohomologycohomology andand 

relative' hy­

punctualpunctual sheaves.sheaves. OfOf coursecourse thosethose re~ults [and[and alsoalso thethe firstfirst andandresults
 
~cond ~pectral sequencessequences of relativerelative hypercohomologyhypercohomology (ref.(ref.second spectral of'
 
1,1, 1.6, pp.pp. 140-141)140-141) inin thatthat paper]paper] workwork equallyequally wellwell forfor ordi­
narynary sheafsheaf cohomologycohomology byby thethe methodsmethods analogousanalogous toto thisthis 
note.note. 
. Conversely,Conversely, thethe secondsecond LerayLeray spectralspectral sequencesequence ofof relativerelative 

I.6,	 ordi­

hypercohomologyhypercohomology andand thethe generalizedgeneralized Mayer-Vietoris se­
quencequence establishedestablished inin thisthis paperpaper holdhold equallyequally wellwell forfor punctualpunctual 
cohomologycohomology andand punctualpunctual sheavessheaves byby thethe analogueanalogue ofof thethe 
technique . 

Mayer-Vietoris se­

~echnique inin ref.ref. 1,1, ChapterChapter 1.1. 
RemarkRemark 2.2. TheThe firstfirst andand second LerayLeray spectralspectral sequepce ofofsecond' sequence


relativerelative hypercohomology,. thethe generalizedgeneralized Mayer-Vietorishypercohomology; Mayer-Vietoris

sequence,sequence, andand thethe twotwo spectralspectral sequencessequences ofof relativerelative hyperco­
homologyhomology gogo throughthrough equallyequally wellwell toto combinatorialcombinatorial punctualpunctual 
hypercohomologyhypercohomology ofof positivepositive cochaincochain complexescomplexes ofof etaleetale 
sheavessheaves onon aa proscheme,proscheme, asas defineddefined inin ref.ref. 5,5, ChapterChapter 1.1. 

hyperco-


NoteNote AddedAdded inin Proof.Proof. InIn thethe theoremtheorem (resp.:(resp.: CorollaryCorollary 1;1; inin CorollaryCorollary 
3)3) inin SectionSection 1,1, thethe sheafsheaf H'(X,U,~*) isis concentratedconcentrated onon thethe closedclosed 
subsetDsubset D == f(Xf(X - U) (resp.: D= X- U;U;DD == X ­

HI(X,U,9*)
 
- U)(resp.: D'=X - X- U)U)ofY(resp.:X;X).of Y (resp.: X; X).

Eg'q Hj(X,U,57*)).Therefore,Therefore, E~,q == HP(D,HP(D, DD nn V,V, H'(X,U,~*)). 
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