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It is shown that the dynamics of a viscoelastic medium can be modeled as that of a two-dimensional crystal 
with a finite concentration of dislocations, as well as vacancy and interstitial defects. At the longest length 
scales the viscoelasticity is described by the simplest Maxwell model, whose shear and compressional relax­
ation times are obtained in terms of microscopic quantities, including the density of free dislocations. At short 
length scales, t bond orientational order effects become important and lead to wave vector dependent correc­
tions to the relaxation times. 
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I. INTRODUCTION 

It has long been recognized that the creation and motion 
of dislocations are the main mechanisms by which a crystal 
undergoes plastic deformations.1,2 Considerable effort has 
been made to describe the motion of dislocations through 
crystalline solids and relate the plastic strain rate to the dis­
location dynamics.2–4 Substantial progress has been achieved 
in the case of two-dimensional �2D� solids. Zippelius, Halp­
erin, and Nelson5 �ZHN� developed a detailed theory of the 
dynamics of a solid with dislocations and showed that the 
model reduces to the hydrodynamic description of either a 
solid or a hexatic, depending on whether dislocations are 
bound or unbound. Specifically, they showed that a hexatic­
like viscosity results in a solid with annealed free disloca­
tions, vacancies, and interstitials due to the response of the 
unbound dislocations to an applied stress and evaluated the 
temperature dependence of various hydrodynamic param­
eters near the 2D melting transition. Bruinsma, Halperin, and 
Zippelius �BHZ�3 investigated linear and nonlinear stress re­
laxation in two-dimensional solids with nonequilibrium 
quenched arrays of trapped defects of various geometries. 
Such defects may, for instance, have been trapped in the 
solid when cooling through the freezing temperature, or may 
be generated at the system’s boundaries when the solid is 
placed under stress. Regardless of the mechanism by which 
the defects are trapped in the film, these authors showed that 
for specific sample geometries, the presence of free disloca­
tions leads to a low-frequency renormalized shear modulus, 
i.e., to an essentially liquidlike response. In this paper we 
expand on the work of ZHN by considering the finite-
frequency dynamics of a two-dimensional crystal with a fi­
nite concentration of annealed dislocations, as well as va­
cancy and interstitial defects. We show that when the 
dislocations are unbound and their Burgers vectors are dis­
tributed isotropically6 the model reduces to the hydroynamic 
description of a 2D viscoelastic medium �with hexatic order�. 
We start with the hydrodynamic equations for a 2D solid 
with an isotropic distribution of unbound dislocations ob­
tained in Ref. 5 and show that such equations can be recast in 
the form of hydrodynamic equations for a viscoelastic me­
dium, with a Maxwell form for the nonlocal transport 
coefficients.7 The equations incorporate viscoelastic effects 
in the response to both shear and compressional deforma-
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tions, and have the structure of the viscoelastic equations for 
a simple viscous fluid.8 The dependence of the hydrody­
namic parameters in the viscoelastic model on temperature, 
dislocation density, and mobility is also obtained. In equilib­
rium thermally unbound dislocations are, of course, present 
only above melting and this is where our work applies. We 
argue below, however, that the dynamical equations obtained 
here may be relevant to situations where dislocations are 
unbound �and therefore the crystal is effectively melted� by 
other mechanisms, such as disorder. 

Although our model of noninteracting dislocations in 2D 
does not describe plasticity in real materials, it does provide 
a basis for the phenomenological modeling of viscous re­
sponse in a number of systems. Specifically, our work 
achieves two goals. Firstly, our calculation provides a deri­
vation of the well-established phenomenological description 
of viscoelasticity, known as the Maxwell model. Although 
we only consider the simplest model of a 2D crystal with an 
isotropic distribution of noninteracting free dislocations, our 
results are interesting as they yield the temperature depen­
dence of the Maxwell relaxation rates near melting. The 
model is directly relevant to 2D liquids near freezing, where 
dislocations are unbound by thermal fluctuations and are 
therefore on average isotropically distributed. Secondly, our 
work provides some justification for recently introduced 
models of plastic depinning. Experimental9–12 and 
numerical13–17 studies of the dynamics of driven disordered 
media, such as vortex arrays in type-II superconductors and 
charge density waves in metals, have clearly indicated that 
when the disorder is strong these systems exhibit a spatially 
inhomogeneous plastic response upon depinning, without 
long wavelength elastic restoring forces.18 In this plastic re­
gime dislocations proliferate due to the interplay of drive, 
disorder, and interactions, and the system is broken up in 
fluidlike regions flowing around solid regions.14 The descrip­
tion of the dynamics in this regime is a challenging open 
problem in nonequilibrium statistical physics. It was pro­
posed recently19 that a description of shear deformations in 
this plastic regime may be obtained by focusing on the dy­
namics of coarse-grained degrees of freedom �the solidlike 
regions� and replacing the elastic couplings of local displace­
ments with viscoelastic couplings of local velocities. The 
idea behind this model is that the local viscoelastic couplings 
provide a phenomenological way to model a system with a 
13-1 ©2002 The American Physical Society 
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large concentration of unbound topological defects, regard-
less of how the topological defects are generated. The work 
described here provides a basis for this assumption by show-
ing explicitly that a 2D lattice with free annealed dislocations 
responds on long scales and low frequency similar to a vis­
coelastic medium. As reported in many numerical simula­
tions of 2D systems, the competition between drive and iso­
tropic quenched disorder does yield unbound dislocations 
that can move under the action of local stresses, thereby 
relaxing the local strains in the system. On average, the dy­
namical response of such unbound dislocations is not unlike 
that of annealed dislocations in a fluid near freezing.20 There 
are, of course, important differences. In the presence of 
quenched disorder and drive, dislocations are continuously 
generated and healed in the system. The effective density of 
‘‘free’’ dislocations that can relax local stresses is, in general, 
not constant, but rather a function of the applied driving 
force, disorder, and time, as dislocations can be pinned by 
disorder and tend to recombine at large drives. As shown in 
Ref. 19, the depinning of a driven viscoelastic medium does, 
however, exhibit a number of features seen in experiments, 
such as hysteretic depinning and switching. It does, therefore 
provide a useful starting model for the description of the 
complex dynamics of these systems. The model of plastic 
depinning discussed in Ref. 19 describes only shear relax­
ation but the work presented here provides guidance on how 
to generalize that model to incorporate both shear and com­
pressional deformations. The latter are intimately related to 
conservation laws that may be present in the system, and can 
have a profound role on the dynamics. 

Finally, it should be pointed out that crystals with an­
nealed dislocations and simple viscous fluids are not the only 
examples of viscoelastic media. Linear viscoelasticity is of 
course one of the distinctive properties of complex and poly­
meric fluids, that can fill containers of any shape and yet may 
shrink similar to rubber when stretched and released quickly. 
Molecular theories of viscoelasticity for complex fluids have 
been developed by various methods and there is a vast lit­
erature on the subject.21 

II. SUMMARY OF MAIN RESULTS AND OUTLINE 

It is well known that a dense fluid has insufficient time to 
flow in response to a high frequency strain rate, but instead 
reacts elastically, as a solid would.22 This leads to the appear­
ance in the fluid of propagating shear waves, with an asso­
ciated peak at nonzero frequency in the spectrum of trans­
verse current fluctuations. Such viscoelastic effects are easily 
incorporated phenomenologically into the hydrodynamic de­
scription of fluids.7 If a shearing force is applied to a fluid 
yielding a stress �xy , the local strain at each point can be 
expressed in terms of derivatives of the displacement field u 
at that point. In a steady-state situation the flow is purely 
viscous and the stress is proportional to the local rate of 
strain 

� �ux �uy
�xy�� � , �1�

�t �y �x 
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where � is the shear viscosity. By contrast, if the force is 
applied suddenly, the instantaneous displacement is related to 
the stress via a typical elastic stress-strain relation 

�ux �uy
�xy�� � , �2�

�y �x 

where � is the instantaneous �high-frequency� shear modu­
lus. An interpolation between these two forms yields the 
Maxwell model of viscoelasticity, where the stress-strain rate 
relation takes the form of a differential equation 

��xy �xy �vx �vy
� ��� � � . �3� 

�t �M �y �x 

The local flow velocity v of the constituent particles is iden­
tified as the rate of change of the displacement v�� tu, and 
�M��/� is called the Maxwell relaxation time. The Max­
well model of viscoelasticity given by Eq. �3� yields elastic 
response to high frequency shearing forces (��M�1) and 
viscous response at low frequency (��M�1). 

In general, viscoelastic effects are present in the response 
to both shear and compression and can be described by 
modifying the hydrodynamic equations of a fluid by intro­
ducing nonlocal �in space and time� thermodynamic quanti­
ties and transport coefficients. This can be done phenomeno­
logically through the use of frequency sum rules as 
constraints, or can be formulated more systematically by de­
riving such equations via formal projection operator methods 
or kinetic theory techniques.8,22 In its simplest realization 
this approach yields the Maxwell model of viscoelasticity. 

In this paper we show that the hydrodynamic equations 
for a two-dimensional solid with a finite concentration of 
isotropically distributed free dislocations proposed by ZHN 
are equivalent to a set of hydrodynamic equations for a 
simple fluid �with hexatic order�, with a Maxwell-type stress-
rate of strain relation. For convenience, we define a symme­
trized strain rate v i j  as 

v i j��� iv j�� jv i�/2� ṽ i j� 1
2 � i jvkk , �4� 

where we have separated the traceless part ṽ i j  and the trace 
vkk��•v. It is also useful to separate the stress tensor � i j  
into its traceless part and its trace, i.e., 

� i j��̃ i j� 1
2 � i j�kk . �5� 

We find that, at long wavelengths, the traceless part of the 
stress tensor is related to the strain rate according to 

˜ ˜
i j  i j  ˜� �2�v �6�i j  ,�t �s 

where �s is the shear relaxation time, which is obtained in 
terms of microscopic parameters �see Eq. �35� below�. Equa­
tion �6� is precisely of the Maxwell form. If the product ��s 
is identified with the shear viscosity � of the fluid, Eq. �6� 
yields viscous flow in response to low frequency shearing 
forces. It also describes the fact that a liquid always flows in 
response to a steady shear. 
3-2 
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In contrast, even a liquid has a finite low frequency com­
pressional modulus, that is, it resists elastically low fre­
quency compressional deformations. The trace of the stress 
tensor �kk contains both reversible contributions propor­
tional to pressure changes arising �assuming temperature 
fluctuations are negligible� from the fractional change in vol­
ume and irreversible and dissipative contributions propor­
tional to velocity gradients. It can be written as 

�n 
�kk��2B0 

dis , �7���kkn0 

with �n the deviation of the density from its equilibrium 
value n0, and B0 the low frequency bulk modulus of the 
solid �which generally depends on the density of vacancies 
and interstitials defects�. To a good approximation B0 is also 
the compressibility of the liquid phase.23 We find that the 
dissipative part �kk 

dis of the stress tensor is related to the local 
rate of strain via the equation 

dis dis��kk �kk 
� �2�B��B0�vkk , �8� 

�t �b 

where B� is the high frequency compressional modulus of 
the solid in the absence of defects. At high frequency defects 
do not have time to respond to an applied force and therefore 
do not contribute to the elastic constants. Finally, �b is the 
compressional relaxation time, which again is given below in 
terms of microscopic quantities. Both relaxation times, �s 
and �b are inversely proportional to the density of free dis­
locations n f . As a result, they both diverge as the melting 
temperature Tm of the two-dimensional solid is approached 
from above as23,24 

�s ,b�exp�b/�T�Tm��� , �9� 

with ��0.36963. At the longest length scales, the bulk vis­
coelasticity described by Eq. �8� is due solely to dislocation 
climb, while the shear viscoelasticity is due to both disloca­
tion climb and glide. Dislocation climb which requires the 
creation of vacancies and interstitials, proceeds more slowly 
than dislocation glide which does not involve a change in 
particle number. For this reason, �b��s , in general. 

Of course, the 2D solid does not melt directly into a iso­
tropic liquid at Tm , rather it enters the hexatic phase, where 
it has only short-ranged translational order, but retains quasi­
long-ranged bond orientational order �BOO�. At the longest 
length scales, the presence of BOO does not affect the stress-
rate of strain relations. When terms of higher order in the 
gradients of the hydrodynamic fields are included, the exis­
tence of BOO becomes apparent and modifies the stress-
strain rate relations at finite length scales, as discussed in 
Sec. V below. In particular, this gives wave vector-dependent 
corrections to �s and �b , corresponding to a distribution of 
relaxation times. 

The rest of the paper is organized as follows. In Sec. III 
we review the hydrodynamic equations for a two-
dimensional solid with vacancy and interstitial defects.5 In 
Sec. IV the viscoelastic stress-rate of strain relations are de­
rived in the longest length scale regime, and expressions for 
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the long-wavelength viscoelastic memory times are pre­
sented. In Sec. V the effects of incorporating higher order 
gradients are investigated, including the wave vector depen­
dent corrections to �s . 

III. ZHN HYDRODYNAMICS OF A SOLID
 

WITH DISLOCATIONS
 


We begin by reviewing the hydrodynamics of the solid 
phase, following Refs. 5, 25, and 26. We consider a two-
dimensional hexagonal crystal with a finite density of vacan­
cies and interstitials. As pointed out by Martin,25 incorporat­
ing a finite density of point defects is crucial to properly 
distinguish between local lattice deformations and local 
changes in the number density. For simplicity, temperature 
fluctuations are neglected in all of the following. 

In the absence of dislocations, the equations for conserva­
tion of density n(r,t), momentum g(r,t), and net defect 
density n�(r,t), i.e., density of interstitials minus density of 
vacancies, and the equation of motion for the displacement 
field u(r,t), can be written as 

�n 1 
��  “•g, �10a� 

�t m 

�gi 

�t 
�� j� i j  , �10b� 

�n� 
��“•j� , �10c� 

�t 

�u g j� 

� � , �10d� 
�t mn0 n0 

where m is the mass of the constituent particles and n0 is the 
average number density. 

These conservation laws must be completed with consti­
tutive equations for the two fluxes, the momentum flux or 
stress tensor � i j(r,t) and the defect current j�(r,t). Assum­
ing purely relaxational dynamics for the defects j� is given 
by 

j����n0 “pd , �11� 

where � is a constant kinetic coefficient and pd is the defect 
pressure 

pd���1 
�n� 

��“•u, �12� 
n0 

with � a susceptibility proportional to the sum of the equi­
librium densities of vacancies and interstitials, and � a con­
stant associated with the coupling between changes in defect 
density and bulk distortions in the lattice. The constitutive 
relation for the stress tensor � i j  is 

s s� i j�2�wi j��wkk� i j����n� /n0 �� i j  , �13� 

swhere wi j�(wi j�w ji)/2 is the symmetric part of the strain 
tensor wi j  , given by 
3-3 
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wi j�� iu j . �14� 

The coefficients � and � are the Lamé constants. We note 
that the equilibrium bulk modulus B0 of the solid is defined 
in terms of the response to a static isotropic compression as 
B0���(1/A)(�A/�p)��1, with A the area of the crystal. In 
the presence of defects it is then given by 

�����2� 
B0� . �15�

1������2��� 

On the other hand, if one were to measure the bulk modulus 
on time scales long compared to the elastic relaxation time, 
but short compared to the defect diffusion time, the effective 
bulk modulus, denoted by B� , would be 

B����� , �16� 

corresponding to the purely elastic contribution obtained in 
the absence of defects. In a finite-frequency measurements, 
the value B��B0 is reached at sufficiently high frequency. 
Finally, changes in the defect density can be related to 
changes in the overall density and bulk strains in the lattice, 
as 

�n��n��n0wkk , �17� 

where �n�n�n0 and �n��n��n0 are the deviations of 
the density and defect density from their equilibrium values, 
respectively. 

In the presence of dislocations, it is no longer possible to 
define a continuous single-valued displacement field u. One 
can define a single valued, but discontinuous displacement 
field by introducing cuts at the location of the dislocations. 
The strain field wi j�� iu j is still single valued and continu­
ous, except at the location of the dislocations, and it satisfies 

�ki�kwi j�a0B j , �18� 

where a0 is the lattice spacing, � i j  the antisymmetric unit 
tensor, and B(r,t) is the Burgers-vector charge density. For a 
set of M free dislocations at discrete points �R��, � 
�1,2, . . . ,M , with Burgers vector b� , it is given by 

M 

B� r,t �� � b��� r�R��. �19� 
��1 

As in Ref. 5, dislocations are assumed to be isotropically 
distributed, with Burgers vectors pointing with equal prob­
ability in all directions allowed by crystal symmetry. They 
are also annealed and free to equilibrate. The Burgers vector 
charge density is an extra hydrodynamic variable with a con­
servation law 

�Bi i��� jJ j , �20�
�t 

where Ji
j is the Burgers current of the ith component of dis­

location charge in the j th direction. For length scales longer 
than the average distance between free dislocations �d 

�1/�n f and time scales longer than the mean collision time 
between free dislocations, one can make some simplifying 
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approximations. Specifically, one can ignore the effect of dy­
namical polarization of bound dislocation pairs and also pro­
cesses by which neutral dislocations pairs �i.e., dislocation 
pairs of opposite Burgers vectors� are created and annihi­
lated. It was then shown in Ref. 5, that the constitutive rela­
tion for the Burgers current can be written as 

i i ik� lBk . �21�J j��C jkl ��kl�pd�kl��D jl 

The three terms on the right hand side of Eq. �21� correspond 
to the motion of dislocations in response to stresses in the 
lattice �the usual Peach-Koehler force�, gradients in defect 
pressure and gradients in the dislocation density, respec­

itively. The tensors C jkl and D jl 
ik are given by 

Ci
jkl � 

n fa0 
��  Dg�Dc�� jk� li��Dg�3Dc�� ik� l j� ,

4kBT 
�22a� 

Dg�Dc Dg�3Dc

Dik

jl � 
4 

�� i j�kl�� jk� il�� 
4 

� j l� ik ,
 

�22b� 

where Dg and Dc are the diffusions constants for dislocation 
glide and climb, respectively. 

The conservation laws for density and momentum, Eqs. 
�10a� and �10b�, remain unchanged in the presence of dislo­
cations. A new term must, however, be added to the equation 
for the conservation of defect density, reflecting the fact that 
a climbing dislocation acts as a source or sink of vacancies 
and interstitials. Equation �10c� is then replaced by 

�n� i��“•j��n0a0� ikJk . �23�
�t 

Since u is multivalued, it is more convenient to consider an 
equation of motion for the strain rather than Eq. �10d� for the 
displacement field. This is given by 

�wi j  1 
� j�� iv j� � i j j �a0� ikJk , �24� 

�t n0 

where, to linear order, g�mn0v. The first two terms are 
simply obtained by differentiating the right hand side of Eq. 
�10d�. The third term arises from the presence of disloca­
tions. 

The conservation laws of density �Eq. �10a��, momentum 
density �Eq. �10b��, defect density �Eq. �23��, and Burgers 
vector charge �Eq. �20��, together with the constitutive equa­
tions for the currents �Eqs. �11�, �13�, and �21��, and the 
equation of motion for the local strains �Eq. �24�� constitute 
a closed set of equations to describe the dynamics of a 2D 
solid with an equilibrium concentration of free annealed dis­
locations and of vacancy and interstitial defects. 

The work by ZHN focused on the transverse and longitu­
dinal hydrodynamic modes of these equations. These authors 
showed that the low frequency modes of a solid with dislo­
cations are the same as those of the hexatic phase. In con­
trast, our goal here is to eliminate the dislocations and de­
fects degrees of freedom and obtain a closed set of 
hydrodynamic equations for the density, momentum density 
3-4 
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and bond angle. By this procedure we show that the hydro­
dynamic equations of a solid with free dislocations are 
equivalent, at long wavelengths, to the hydrodynamic equa­
tions of a viscoelastic medium with bond angle order. The 
latter consists of conservation laws for the density and mo­
mentum density, an equation of motion for the bond angle, 
with a constitutive equation for the stress tensor that takes 
the form of a differential equation. 

IV. HYDRODYNAMICS OF A VISCOELASTIC MEDIUM 

Our strategy is to eliminate the defect density n� and the 
Burgers-vector charge density B from the hydrodynamic 
equations of a solid with dislocations discussed in the previ­
ous section. The outcome will be a closed set of equations 
for density, momentum density, bond angle field, and stress 
tensor. 

It is convenient to write the strain tensor wi j  as the sum of 
its symmetric and antisymmetric parts 

s awi j��wi j�w ji�/2��wi j�w ji�/2�wi j�wi j  . �25� 

Only the symmetric part enters in the expression for the 
stress tensor, according to Eq. �13�. One can therefore invert 

sEq. �13� to express wi j  as a function of the stress tensor and 
of the density, as 

1 ��� swi j� � i j�� i j  �kk2� 4�������� 

� �n 
�� i j  2������� n0 

, �26� 

where Eq. �17� was used to eliminate the defect density in 
favor of the density and the strain. The antisymmetric part 

a has only one independent component which is simply the wi j  
bond angle field �(r,t) �Ref. 27� 

awi j�� i j� . �27� 

The equation of motion for the strain �Eq. �24�� can then be 
split into an equation of motion for the symmetrized strain, 
given by 

s
�wi j  1 
� � a0 j
 i�v i j� �� i j j �� j j i �� �� ikJk�� jkJk� �28�

�t 2n0 2 

and an equation for the bond angle field 

�� 1 1 
� a0 k� ẑ•���v�� � i j� i j j � Jk . �29� 

�t 2 2n0 2 

We note that the trace of Eq. �28� simply gives the continuity 
equation for the density. 

We can now use Eq. �26� to rewrite the equation of mo­
tion for the symmetric part of the strain tensor as a differen­
tial equation for the time evolution of the stress tensor, with 
the result 
22411
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��� 

�� i j  j i 

�t 
�2�v i j��� i jvkk�a0��� ikJk�� jkJk� 

k � ��a0������ i j�klJl � �� i j j �� j j i � n0 

� . �30�� i j�•j� 

n0 

In order to eliminate the defects and dislocation degrees 
of freedom, we now insert the constitutive equations for the 
defect and dislocation fluxes on the right hand side of Eqs. 

s s�29� and �30� and use �n���n�n0wkk and B j�� ik� i(wk j  
a )/a0 to eliminate the defect density and dislocation �wk j  

density in favor of density and strain field. Finally, the strain 
field is related to the stress tensor and to the bond angle field 
using Eqs. �26� and �27�. This completes the transformation 
of the equation for the strain tensor into two closed coupled 
equations for the stress tensor and the bond angle field. 

For clarity, we present in this section the equations ob­
tained when only terms of lowest order in the hydrodynamic 
fields are retained. In the next section we will include higher 
order terms and show that these yield wavevector dependent 
relaxation times for shear and compression. At long wave­
lengths, the gradients of the defect current density can be 
neglected both in the equation for the bond angle �Eq. �29�� 
and in the equation for the stress tensor �Eq. �30��. Similarly, 
one can drop the contribution to the dislocation current due 
to diffusion of dislocations and approximate 

jJk 
j ��Cknl��nl�pd�nl� �31� 

or 

jJk 
j ��Cknl��nl��nl 

��1�� 

2������� 
�kk 

��nl 

��1�������2 �n� .
����� n0 

�32� 

Carrying out some tedious algebra, we obtain the desired set 
of hydrodynamic equations, consisting of exact conservation 
laws for density and momentum, the equation for the bond 
angle field �Ref. 28� 

�� 1 Dg
� ẑ•�“�v�� �2� �33� 

�t 2 2 

and the constitutive equation for the stress tensor 

�� i j  1 
˜

1 B0 �n 
� � i j� � i j�kk�2� ṽ i j�B�� i jvkk� � i j  ,

�t �s 2�b �b n0 
�34� 

where we recall that B����� . The shear and compres­
sional relaxation times �or ‘‘Maxwell’’ times� are given by 

1 Dg�Dc 
�n f �a0

2 , �35�
�s kBT 
3-5 
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FIG. 1. An illustration of how dislocation glide leads to relative 
displacement of two half crystals. �a� The dislocation begins on the 
left side of the crystal i.e., dx�0. The initial relative displacement 
of the upper and lower halves of the crystal is zero. �b� The dislo­
cation has glided two lattice spacings to the center of the crystal i.e., 
dx�Lx/2. The relative displacement of the upper and lower halves 
of the crystal. �c� The dislocation has now glided all the way to the 
right of the crystal, i.e., dx�Lx . The relative displacements of the 
upper and lower halves is now one lattice spacing. 

21 Dc Be f f�
�1a0 

�n f , �36�
�b kBT B0 

where Beff�������2 is the ‘‘effective’’ bulk modulus 
that one would obtain by integrating out the defect density 
fluctuations from the free energy. 

The shear relaxation time has a simple physical interpre­
tation. Considering, for simplicity, only dislocation glide, the 
motion of a dislocation of Burgers vector b� x̂ a distance dx 
along its slip line contributes an amount (a0 /Lx)dx to the 
displacement of the half crystal, with Lx the length of the 
crystal along the slip direction. This is illustrated for a square 
lattice in Fig. 1. The corresponding change in shear strain is 
�(a0dx/Lx)/Ly , with Ly the width of the crystal in the di­
rection normal to the slip line. The change in the strain � in 
a time dt due to M dislocations is then d�/dt 
�(M /LxLy)a0(dx/dt)�n fa0vg , with vg�dx/dt the dislo­
cation glide velocity. This is the well-known Orowan law2 
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relating the plastic strain rate to the dislocation velocity. Dis­
location motion is driven by local stresses and we can write 
vg��gFs , with �g�Dg /(kBT) the dislocation mobility and 
Fs��sa0��a0 the force on a dislocation due to the shear 
stress, �s . If we define a shear relaxation time by �/dt 
��/�s , and assume ��O(1), we immediately obtain 1/�s 

2�n f(Dg /kBT)�a0. When both glide and climb can occur 
the mobilities are simply additive. 

An alternative interpretation of Eq. �35� is as follows. The 
rate at which dislocations diffuse thermally �via glide and 
climb� a distance of the order of the typical separation 

�1/2 between free dislocations is 1/� th�(Dg�Dc)n f .�n f 
This is just the mean time for collisions between free dislo­
cations. The ratio of the rate of diffusion of dislocations un­
der the influence of shear elastic forces to the rate of thermal 
diffusion is of the order of the ratio of a typical shear elastic 
energy �a0

2 to thermal energy kBT . With this energetic argu­
ment we estimate 1/�s�1/� th(�a0

2/kBT) which is the result 
given in Eq. �35�. Interactions between dislocations are neg­
ligible only at time scales longer than the mean collision 
time � th . As a result our model applies only if �s�� th . 
Since �a0

2/kB�O(Tm), the condition �s�� th simply corre­
sponds to being above the melting temperature Tm . 

It is not surprising that the bulk memory time is indepen­
dent of Dg , since pure compressional strains can only relax 
through dislocation climb. Also, since dislocation climb in­
volves a change in particle number Dc is, in general, much 
smaller than Dg , so that �s��b . In addition, above the melt­
ing temperature the response to shear distortions is purely 
viscoelastic while the response to bulk distortions is effec­
tively still elastic at large scales, with some dissipative ef­
fects �due to the climbing of dislocations� which, due to the 
smallness of Dc , are expected to be negligible. 

In the limit of n f�0, i.e., as Tm is approached from 
above, the shear and compressional relaxation times diverge, 
�s ,b�� according to Eq. �9�, and we obtain 

˜
i j  ˜�2�v �37a�i j  ,�t 

��dis 
kk B��B0 ��n 

�2�B��B0 �vkk��2 . �37b�
�t �tn0 

sIn the absence of dislocations v i j�� twi j  . Integrating Eq. 
�37a� then yields the shear stress-strain relation for an elastic 
solid 

s s˜ � 1� i j�2��wi j  2 � i jwkk�. �38� 

Similarly, to lowest order in the gradients, we can neglect the 
rate of change of defect density. Integrating Eq. �37b� and 

dis susing Eq. �17�, we then obtain �kk and�(B��B0)wkk 

s �39��kk�2B�wkk . 

Far above Tm , free dislocations proliferate and both �s 
and �b become very small. In this limit Eq.�34� then reduces 
to 
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�n
˜ .� i j�2��sv i j�� i j�B��B0 ��b� i j�•v�� i jB0 n0 

�40� 

Identifying the combinations ��s with the shear viscosity �s 
and the combination (B��B0)�b with the bulk viscosity �b , 
Eq. �40� is just the stress-rate of strain relation of a viscous 
liquid. 

When only terms of lowest order in the gradients of the 
hydrodynamic fields are retained, it is not apparent from the 
viscoelastic stress-rate of strain relation that a crystal with 
annealed dislocations is a hexatic, rather than a isotropic vis­
cous liquid. The presence of quasi-long-range bond orienta­
tional order in the hexatic manifests itself in a resistance to 
distortions that produce a nonzero gradient in the bond-angle 
field � . Contributions to the hydrodynamic equations from 
gradients of � correspond to spatial gradients of wi j  , which 
have been neglected in this section. Such terms must be re­
tained to see a signature of bond orientational order in the 
stress rate of strain relations. This is done in the next section. 

V. INCLUSION OF HIGHER ORDER GRADIENTS 

In this section we incorporate all diffusive terms that were 
neglected in the previous section. We do so, however, only 
for a simplified model where dislocation climb is neglected. 
This corresponds to freezing out fluctuations in the defect 
density. It is an excellent approximation in most cases as the 
diffusion constant Dc for dislocation climb is generally very 
small due to the large energy cost of creating vacancies and 
interstitials. In the absence of fluctuations in the defect den­
sity the relation between symmetrized strain and stress sim­
plifies to 

1 � swi j� � i j� �kk� i j  . �41�
2� 4������ 

The exact conservation laws for density and momentum are 
of course unchanged and are still given by Eqs. �10a� and 
�10b�, respectively. The equation of motion for the bond 
angle field now contains terms due to dislocation diffusion, 
which couple to gradients of stress and it is given by 

�� 1 Dg Dg
� ẑ•���v�� �2�� � jk� i� j�̃ i j  . �42�

�t 2 2 4� 

From Eq. �42�, one sees that the presence of gliding disloca­
tions leads to a dissipative term ��2� and a coupling to �̃ i j  . 

In the absence of fluctuations in the defect density, the 
stress tensor’s trace is simply 

�n 
�kk��2B� . �43� 

n0 

We therefore focus on its traceless part, �̃ i j. Inclusion of the 
extra diffusive terms in the constitutive relation for �̃ i j  will 
yield terms involving the gradient of the Burgers vector 
charge density. These terms are easily recast as gradients of 
bond angle and stress, resulting in the following constitutive 
relation for �̃ i j  : 
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��̃ i j  �̃ i j  Dg
� � �2�̃ i j�t �s 4 

˜ 
�Dg

�2�v i j� 
2 

�� ik� j�k�� jk� i�k�� 

�Dg � i j  �n 
�2� � � i� j� �
 , �44�

4 2 n0 

where Eq. �43� relating �kk and �n/n0 has been used. It is 
instructive to rewrite Eq. �44� in Fourier space. The equation 
for �̃ i j(k,t) is then given by 

��̃ i j  �̃ i j  �Dg
� �2� ṽ i j� �� ikk jkk�� jkkikk��

�t �s�k � 2 

� �n 
� 

�0 �
� k̂ ik̂ j�� i j/2��2k2 , �45�

�s n0 

with k̂ i�ki /k and where we have defined 

�� 1 
2 �Dg�s. �46� 

One is naturally led to introduce a finite wave vector shear 
relaxation time �s(k) given by 

�s
�s�k �� . �47� 

1��2k2 

When the constitutive relation is written in this form, it is 
apparent that � is the length scale beyond which the small 
gradient approximation is valid. At low frequency Eq. �45� 
reduces to 

˜ 
2�s ˜

�Dg�s�0 � 
� i j� i j� �� ikk jkk�� jkkikk��

1��2k2v 
2�1��2k2� 

1��2k2 � k̂ ˆ � 
� 

ik j�� i j/2��2k2 
�n 

. �48� 
n0 

By comparing Eq. �48� to the corresponding relation for a 
hexatic given in ZHN, 

˜ hex ˜ 
KA

� i j  �2�sv i j� �� ik� j�k�� jk� i�k�� , �49�
2 

it is natural to identify the combination �Dg�s(0) with KA , 
the elastic constant associated with long wavelength distor­
tions of the bond angle field. The length scale � can then be 
written as 

1�KA
�� �50�

2 � 

and it represents the length scale below which the energy 
associated with bond angle distortions becomes comparable 
to that associated with spatially uniform shear distortions. 

The effective shear relaxation time �s(k) is larger at short 
length scales, as the additional stiffness due to bond orienta­
tional order makes the system more solidlike. Finally, it 
should be noted that the term in Eq. �45� ��n/n0 only con­
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tributes to the equation for the longitudinal (�“•g) compo­
nent of the momentum, but not to that for the transverse part 
(�“�g). This indicates that, even if dislocation climb is 
forbidden, at short length scales the longitudinal component 
of momentum is affected by dislocation glide, which yields 
higher order pressurelike gradients in the equations of mo­
tion. 

Clearly a regime where the wave vector dependence of 
the shear relaxation time is important only exists provided 
���d , with �d�1/�n f the average distance between free 
dislocations. At length smaller than �d interactions among 
dislocations can no longer be neglected and our model be­
comes invalid. It is easy to see that 
22411
 
 

�
��kBT 

2�� T 
, �51�

�d �a0 TM 

with TM the melting temperature of the two-dimensional lat­
tice. Since our work always describes the region T�TM , 
where free dislocations are present in the crystal, the wave 
vector dependence of the relaxation time will generally be 
important. 
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