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Abstract

We define a type of generalized asymptotic series called v-asymptotic. We show that every func-
tion with moderate growth at infinity has a v-asymptotic expansion. We also describe the set of
v-asymptotic series, where a given function with moderate growth has a unique v-asymptotic ex-
pansion. As an application to random matrix theory we calculate the coefficients and establish
the uniqueness of the v-asymptotic expansion of an integral with a large parameter. As another
application (with significance in the non-linear theory of generalized functions) we show that
every Colombeau’s generalized number has a v-asymptotic expansion. A similar result follows for
Colombeau’s generalized functions, in particular, for all Schwartz distributions.
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1. Introduction

Our framework is the ring M of functions with moderate growth at infinity, supplied
with a pseudovaluation v : M — RU {oo} and pseudometric d,, : M? — R (Section 2). We
denote by F, the ring of functions with the non-negative pseudovaluation and by C, the set



of functions with zero pseudovaluation. Here are some typical examples: r + 1/x" € F,,
reR,n=0,1,2,...andsinx, cosx, Inx € C,.

In Section 4 we prove the existence of a linear homomorphism (a linear operator) st,
called the “pseudostandard part mapping,” from F, into F, with range within C, U {0}.
The mapping st is an extension of the limit lim,_, «,, considered as a functional (part (iii)
of Theorem 6).

In Section 5 we define the concept of v-asymptotic series; these are series of the form
Y0 “’;,(f), where (r,) is a strictly increasing (bounded or unbounded) sequence in R
and the set {¢,(x) |n =0, 1,...}is a linearly v-independent subset of C, (Section 3). In
that sense, the functions in C, play the role of “our generalized numbers.” There are many
examples in this section: some series are both v-asymptotic and asymptotic (in the usual
sense), some series are v-asymptotic, but not asymptotic and others are asymptotic, but not
v-asymptotic.

The main result is in Theorem 8 (Section 7): Every function with moderate growth at
infinity has a v-asymptotic expansion. We also describe the sets of v-asymptotic series,
where a given function in M has a unique v-asymptotic expansion. We shall try to explain
the idea of the proof by modifying a familiar theorem in asymptotic analysis: let f(x) be
a function, (r,,) be a strictly increasing sequence in R and (c,) be a sequence in C. The

asymptotic expansion f(x) ~ Y 2o <&, x — oo, holds iff
ey = lim <x |:f(x) —SC—"D )
T . Pt ’
forn=0,1,2,.... This result can be rephrased as follows: if all limits (forn =0, 1,2, ...)

on the RHS of (1) exist, then f(x) has a unique asymptotic expansion of the form
Yo X‘— It is clear that most of the functions in M do not have asymptotic expansions
of this form. Actually, there are very few general existence results in asymptotic analysis
(N.G. De Bruijn [1], R. Estrada and R.P. Kanwal [5]). This is, perhaps, the reason why
many consider the asymptotic analysis as a “kind of art” or “collection of different meth-
ods,” rather than a mature mathematical theory. Our article is an attempt to improve this
situation. Here is the way we modify the above asymptotic theorem:

(a) Instead of series of the form Y~ ; %, we consider v-asymptotic series ) >~ ‘p;,(,j‘) ,
where v(¢,) = 0 and v is the pseudovaluation mentioned earlier.

(b) We replace lim,_ ~, (considered as a functional) in the counterpart of (1) by the
linear operator St mentioned earlier. The advantage of st over lim,_, o, is that St is defined
on the whole F, (including functions such as sinx, cosx, Inx, In(Inx), etc.). In contrast,
lim, _, o is defined only on a proper subset of F, (e.g., lim,_ ~ sinx and lim,_, o Inx do
not exist).

(c) Instead of a (fixed) sequence (r,,) (which corresponds to a choice of a fixed asymp-
totic scale), we allow different sequences (r;,) for the different functions f(x).

Two applications are presented in the article: At the end of Section 7 we prove the
uniqueness of the v-asymptotic expansion of an integral with a large parameter with origin
in random matrix theory. In Section 8 we show that every Colombeau’s generalized num-
ber has a v-asymptotic expansion. A similar result follows for Colombeau’s generalized
functions, in particular, for all Schwartz distributions. This result has importance in the




non-linear theory of generalized functions (J.F. Colombeau [2,3]) and its applications in
ordinary and partial differential equations (M. Oberguggenberger [11]).

This article has many features in common with another article by T.D. Todorov and
R. Wolf [12] on A. Robinson’s asymptotic numbers in the framework of the non-standard
asymptotic analysis (A.H. Lightstone and A. Robinson [9]).

In what follows N = {1, 2, 3, ...} denotes the set of natural numbers and R and C denote
the fields of the real and complex numbers, respectively.

2. Our framework: Functions of moderate growth at infinity

We define and study the properties of a pseudovaluation and the corresponding pseudo-
metric in the ring of complex valued functions with moderate growth at infinity. Most of
the results are elementary and presented without proofs.

Definition 1 (Functions of moderate growth).

(i) We denote by G (R, C) the ring (under the usual pointwise addition and mul-
tiplication) of all complex valued functions f defined on dom(f) € R such that
(n, 00) C dom (f) for some n € N. We shall treat the elements of G (R, C) as germs
at oo, i.e., two functions will be identified if they have the same values for all suffi-
ciently large x. We define a partial order in G (R, C) by f > 0 if f(x) > 0 for all
sufficiently large x.

(if) The functions in

M={f€Gs®,C)| f(x)=0(x")as x — oo for some n € N}

are called functions with moderate growth at co (or, moderate functions, for short)
and those in

N={feGu®R,C)| f(x)=0(1/x")asx — oo forall n € N}

are called null-functions.
(iii) We define a pseudovaluation v : M — R U {oco} by

v(f)=sup{r eR| f(x)=0(1/x") as x — oo}. 2
The functions in the sets:

Zy={feM]|v(f) >0}, 3)

Fo={feMlv(f) =0}, @)

Co={feM]|v(f)=0}, ®)

are called v-infinitesimal, v-finite and v-constant, respectively. The functions in
M\ F, will be called v-infinitely large.
(iv) If S € G (R, C), then the set

mo(S) ={p +dolpeS, dp ey} (6)



is called the v-monad of S. In the particular case S = {f}, we shall write 1, (f)
instead of the more precise ., ({f}).

Example 1. x”, ¢'*, sinx, cosx, Inx, In(Inx) are all in M (where r € R). Also, 0 and ¢™*
are in V. In contrast, e* ¢ M. Notice that M is subring of G (R, C) with zero divisors.
In particular, the functions x”, ¢*, Inx, In(Inx) are all multiplication invertible in M,
while sinx, cosx are not.

Example 2. If r € R, then v(1/x") = r. More generally, v(P) = —deg(P) for any poly-
nomial P € C[x], where deg(P) denotes the degree of P. We have v(c) = 0 for all
c € C,c 0. Inother words, C \ {0} C C,. Also, sinx, cosx, e, Inx, In" x and In(Inx)
are all in C,, because v(e'*) = v(sinx) = v(cosx) = v(Inx) = v(In" x) = v(In(Inx)) = 0
(n € Z). Finally, v(0) = v(e™™) = co.

The results of the next three lemmas follow immediately from the definition of the
pseudovaluation:

Lemma 1 (A characterization of v). Let f € G (R, C) and r € R. Then the following are
equivalent:

@M v(f)=r. )
(i) gz <1/ < VX forall n e N.

(i) f(x) = £ for some ¢ € C,.
Lemma 2 (A characterization of \V). Let f € Goo(R, C). The following are equivalent:

(i) feN.
(i) v(f) =oo.
(i) limy_ oo x™ f(x) =0forall n € N.

Lemma 3 (Connection with O’s symbols).

(i) Z, c o(1) C F, in the sense that f € Z, implies f(x) = o(1), as x — oo, which
implies f € F,,.
(i) 0()\ o(1) cC, inthesensethatif f(x)=0(1) and f(x) # o(1),as x — oo, then
f €C,. More generally, f € O(1/x")\ o(1/x") implies v(f) =r.
(iii) The functions in G (R, C) \ F, are unbounded on every interval of the form
(n,00),n € N.

Part (i) shows that the v-infinitesimals are proper infinitesimals (with respect to the order
relation in M). Part (ii) shows that the finite but non-infinitesimal functions (with respect
to the order in M) are v-finite. Part (iii) shows that if f is outside F, and if | | happens to
be in order with all n € N, then f is an infinitely large element of G (R, C). We should
notice that C, contains also infinitely large functions (along with finite and infinitesimal).



For example, Inx is infinitely large in the sense that n < Inx foralln e Nand 1/Inx isa
positive infinitesimal in the sense that0 < 1/Inx < 1/n forall n € N.

Theorem 1 (Properties of v). The function v is a pseudovaluation on M in the sense that:

(i) v(f) =oc0iff feN.
(i) v(fg) v(f)+v(g). In particular, we have v(cg) = v(f) forall ce C,c =0 and
alsov(f/x") =v(f)+rforallr eR.
(iii) v(f £g) min{v(f),v(g)}. Moreover, v(f) = v(g) implies v(f + g) = min{v(f),
v(g)}

In addition, v has the following properties:

(iv) v(=f)=v()=vfD;
(v) v(1/f) = —v(f) whenever f is invertible in M;

(vi) |fl < lglimpliesv(f) wv(g).

Proof. The above properties follow directly from the properties of the “sup” in the defini-
tion of v and we leave the verification to the reader. O

Theorem 2 (Rings and ideals).

(i) M is convex subring (with zero divisors) of G (R, C), where “convex’ means that if
feGuo®,C)and g e M, then | f| |g| implies f € M. Also N\ is a convex ideal
in M.
(ii) We have F, =C, UZ, and C, N Z, = (. Besides, F, is convex subring of M and Z,
is a convex ideal in F,.
(iif) The ring F, contains a copy of the field of complex numbers C presented by the
constant-functions. Also we have C c C, U {0}.

Proof. (i) follows immediately from the definitions of M and N

(if) Suppose f,g € Fy, i.e., v(f) 0,v(g) 0. It follows v(f + g) min{v(f),
v(g)} Oandu(fg) v(f)+v(g) O0,byTheoreml,ie., f+g, fge F,. Similarly it
follows that Z,, is closed under the addition and multiplication. Suppose also that z € Z,,
i.e., v(h) >0.We have v(fh) v(f)+v(h)>0,ie., fhel,, asrequired.

(iii) follows from the fact that v(c) =0forallce C,c=0. O

Definition 2 (Pseudometric). We define a pseudometric d, : M? — R by d,(f, g) =
e~V(/=8) (with the understanding that e~ = 0). We denote by (M, d,) the corresponding
pseudometric space.

Theorem 3 (Properties of the pseudometric). For any f, g, h € M:

(i) do(f,g)=0iff f —geN.



(iv) Z,, F, and C, coincide with the open unit ball, the closed unit ball and the unit sphere
in (M, d,), respectively.

Proof. A direct consequence of the property of the pseudovaluation v (Theorem 1).
We should mention that d,(f, g) max{d,(f, h),d,(h, g)} is called ultrametric inequal-
ity. O

Theorem 4 (Convergence in M). Let ( f,,) be a sequence in M.

(i) If f eN (inparticular, f =0), then lim,— o0 f = f in (M, dy) iff lim, 0o v(fy) =
oo in RU {oo}.

(i) If £ ¢ N, then lim,_ o fn = f in (M,d,) implies that v(f,) = v(f) for all suffi-
ciently large n.

Proof. (i) We have lim,_ f, = f In (M, d,) iff lim,_d(fy, f) =0 in R iff
liMy,— 00 e V=D =0 in R iff lim,_ o0 v(f, — f) = 00 in R U {oo} iff lim,_ s v(f,) =
00, as required, since v(f, — f) = v(f,) for all sufficiently large n, by part (iii) of Theo-
rem 1.

(if) We have lim,,_, oo v(f,, — f) = 00, by (i). Suppose (on the contrary) that there exists
a unbounded sequence (v,) in N such that v(f,,) = v(f) for all n. It follows v(f,, — f) =
min{v(f,,), v(f)} forall n, by part (iii) of Theorem 1, which implies lim,,_, oc v(f,,) = oo.
Finally, it follows v( f) = oo, a contradiction. O

Corollary 1. Let (r,) be a sequence in R U {oco} such that lim,,_, o r,, = co. Let (f,) be
a sequence in M such that f,, = o(1/x™) or f, = O(1/x"") as x — oo for all n. Then
liMy— o0 f =0in (M, dy).

Proof. The result follows, by part (i) of the above theorem, since in both cases v(f,,)
for all sufficiently large n. O

Example 3. We have lim,, o & =0 in (M, d,) since v(-) =n — 0o asn — oo.

3. Linearly v-independent sets

We should notice that the set of the v-constants C, is not closed under addition and
multiplication in M. Our next goal is to look for vector spaces inside C, U {0}.

If @ ¢ M, we denote by Span(®) the span of @ over C (within M). Recall that
Span(@) is the smallest vector subspace of M containing @.

Definition 3 (v-Independence). We say that a set @ c M is linearly v-independent over
C if Span(®) c C, U {0}.



Let @ be an linearly v-independent set over C. It is clear that @ c C, U {0}. Also, every
subset ¥ of @ is also linearly v-independent over C.
Here is another (trivial) reformulation of the above definition:

Lemma 4. Let @ c M. Then the following are equivalent:

(i) @ islinearly v-independent over C.
(ii) v(f)=0forall f € Span(®), f =0.
(iif) There exists a vector subspace K of M such that ® € K c C, U {0}.

Example 4. The set of the complex numbers C is linearly v-independent (in a trivial way).
If f €C,U{0}, thenthe set { f} is also linearly v-independent over C. In particular, the set
{0} is linearly v-independent over C.

Lemma 5. Each of the following sets is linearly v-independent: &; = {sinx, cosx},
@, = {Inx, In(Inx), In(In(Inx)), ...}, @3 = {Inx,Inx,In®x,In*x,...}, s = {7,
eFTN Inx, TN N2 x, F T N3 x .. ). The set @5 = &1 U @y U d3 U @4 is also linearly
v-independent.

Proof. We shall prove that @, is linearly v-independent. For the sake of convenience
we denote /1(x) = Inx, lo(x) = In(Inx), I3(x) = In(In(Inx)),.... So, we have &, =
{l(x): n=0,1,2,...}. It suffices to prove that if Y ;_; axlx is a non-zero linear com-
bination, then v(}_}_; axlx) = 0. First note that this is obviously true in the case n =1,
since each [, (x) has valuation 0. If the sum has more than one term, we just need to show
that > y_; awlx has a “dominant term,” as x — oo. (Technically, this is the greatest term
in the polynomial with respect to the lexicographic ordering on the sequence of its expo-
nents.) For this it suffices to show that m > k implies limy,_ oo [(A;n (x))?P /(A (x))9] =0
whenever p > 0 and ¢ > 0, which is easily verified by I’Hopital’s Rule. The rest of the sets
are treated similarly and we leave the verification to the reader. O

Remark 1 (Linear independence vs. linear v-independence). We observe that the sets in
the above four examples are also linearly independent over C (in the usual sense). Notice
that the set @ = {Inx, 2Inx} is also linearly v-independent but it is clearly linearly depen-
dent. Conversely, the functions f(x) =1 and g(x) = —1 + 1/x are linearly independent
over C, but f and g are not v-independent, since v(f + g) = v(1/x) =1 (not = 0). We
also observe that if a set @ is linearly v-independent over C, then the set @ U {0} is also
linearly v-independent over C (in sharp contrast to the case of linear independence).

4. Pseudostandard part

We prove the existence of a particular type of linear homomorphism st from F, into 7,
with range in C, U {0}, which is an extension of lim,_, ., (considered also as a linear
homomorphism). The applications of this construction appear in the next section.



Definition 4 (Maximal vector spaces). Let C be a vector subspace of M. We say that C is
maximal in C, if C c C c C, U {0} and there is no a vector subspace K of M such that
CSKcc,u{o}.

Lemma 6 (Existence). Let @ be a linearly v-independent subset of M (Definition 3). Then
there exists a vector subspace C of M which is maximal in C, and which contains &.

Proof. Let U/(®) denote the set of all vector subspaces K of M suchthat CU® C K C
C, U {0} and let U/ (®) be ordered by inclusion. Notice that /(&) is non-empty since
Span(®) € U(®). We observe that every monotonic subset (chain) B of ¢/ (®) is bounded
from above by |z B. It follows that 2/(®) has a maximal element C (as desired), by
Zorn’s lemma. O

We shall sometimes refer to Span(®) as the “explicit” part of the space C and to C \
Span(@) as the “implicit” part of C.

Theorem 5 (v-Completeness). Let C be a vector subspace of M which is maximal in C,.
Then:

(i) C is v-complete in F, in the sense that: ,(C) = F,, where u,(C) is the v-monad of
C ((6), Section 2).

(if) We have F, = C@®Z, inthe sense thatevery f € F, has a unique asymptotic expansion
f=¢+dyp,where ¢ € C and dy € Z, ((3), Section 2).

Proof. (i) We have u,(C) C F,, since v(p + dp) min{v(p),v(dy)} 0, by part
(iii) of Theorem 1. To show w,(C) 2 F,, suppose (on the contrary) that there exists
g€ Fuy\ (), ie,v(g) Oandv(g—¢) Oforall ¢ eC.By letting ¢ =0, we conclude
that v(g) =0, i.e., g € C,. It follows v(g — @) =0 for all ¢ € C (by part (iii) of Theorem 1,
again), i.e., g — ¢ € C, forall ¢ € C. Thus we have C S Span(C U {g}) c C, U {0}, contra-
dicting the maximality of C.

(i) The existence of the asymptotic expansion f = ¢ + d¢ follows from (i). To show
the uniqueness, suppose that ¢ +d¢ = 0. It follows v(¢) = v(—d¢) = v(dgp) > 0 implying
¢o=dp=0sinceCcC,U{0}. O

The above result justifies the following definition.

Definition 5 (Pseudostandard part mapping). Let C be a vector subspace of M which is
maximal in C,. We define Stc : F, — F,, by Stc(¢ + dg) = ¢, where ¢ € C,dy € T,.
We say that St is a pseudostandard part mapping determined by C. We shall sometimes
write simply st instead of the more precise stc, suppressing the dependence on C, when the
choice of C is clear from the context.

Theorem 6 (Properties of st). Let C be a vector subspace of M which is maximal in C,.
Then:



(i) The pseudostandard part mapping Stc is a linear homomorphism from 7, into 7,
with range ran(Ste) = C, i.e., Ste(af + Bg) = aste(f) + BStc(g), for all f, g € F,
and all o, 8 € C.

(i) C consists of the fixed points of Stc in F,, i.e., C = {f € F, | Ste(p) = ¢}. Conse-
quently, we have St¢ o Ste = St.

(i) Suppose (in addition to the above) that @ c C for some linearly v-independent sub-
set @ of M (Definition 3). Then we have Ste(¢ + dg) = ¢ for all ¢ € Span(®)
and all dg € Z,. Consequently, the restriction stc|C @ Z, is a (proper) standard
part mapping (in the sense of non-standard analysis—A.H. Lightstone and A. Robin-
son [9]), i.e., Stc(c + dy) = c for all ¢ € C and all dg € Z, (see the discussion after
Lemma 3). Or, equivalently, St¢|C @ Z,, coincides with lim,_, », in the sense that for
every f € C® Z, we have

Ste(f) = lim_f(x).

Proof. (i) We have f = ¢ +dy and g = ¢ + dy for some ¢, € C,do,dy € L, by
Theorem 5. Also «f + Bg =ap + B + ady + Bdy and it is clear that wp + By € C
(since C isa vector space) and « do + 8 dy € Z,, (since Z, isan ideal in F,,, by Theorem 2).
Thus Ste(af +Bg) = ag + BY = ast(p) + BSt(¥) = aste (f) + BSte(g), as required, since
Ste(¢) = ¢ and Sto () = ¥, by the definition of Ste.

(i) As we mentioned already, St (¢) = ¢ for all ¢ € C, by the definition of St.. Con-
versely, suppose that Stc(f) = f for some f e F,. It follows f € C by the uniqueness of
the asymptotic expansion f = ¢ + dg (part (ii) of Theorem 5).

(iii) follows from the definition of St taking into accountthat CU® c C. O

Example 5 (The case @ = @s). Let C be a vector subspace of M which is maximal in C,
and which contains @s, where @5 is the set defined in Lemma 5 (Section 3). For the sake
of simplicity we shall write simply st instead of the more precise Stc. By the above theorem,
we have st(g + dg) = ¢ for all ¢ € C (hence, for all ¢ € Span(®s)) and all dg € Z,. In
particular, for every dg € T, and every ¢ € C we have: st(c + dgp) =c; St(c +1/Inx) =
c+1/Inx,st(sinx +dg) =sinx, St(cos x +d¢) = cosx, St(sinx cosx +dgp) = sinx cos x,
stnx 4+ de) = Inx, stn (Inx) 4+ de) = In(Inx), St(IN" x + dp) = In" x, St(eT 7™ In" x +
dg) = e In" x, and St((sinx)e™ ¥ In" x 4+ d) = (sinx)e™™ ¥ In"x, n=0,1,2,....

5. v-Asymptotic series

We consider a type of infinite series in M which we call a v-asymptotic series and
illustrate this concept by examples.

Recall that a series > o2 f, is called asymptotic as x — oo, if f,11 = o(fy) for all n.
Notice that if an asymptotic series Y_,7, f, isin M (i.e., f, € M for all n), then we have
v(fn) v(fus1) forall n. In contrast, we have the following similar concept:

Definition 6 (v-Asymptotic series). Let F =Y, f, be a series in M. Then:

(i) F iscalled a v-asymptotic series, as x — oo, if it has the following two properties:



(@) The set {x" f, |n 0} is linearly v-independent over C (Section 3), where r,, =
v(f,) and we let (by convention) x> -0 =0.

(b) The restriction of the sequence (r,,) on the set {n | f,, = 0} is a strictly increasing
(finite or infinite) sequence in R.

Every v-asymptotic series F' can be written uniquely in its canonical form:

po 0@

x'n

(7
where ¢, (x) = x™ f,,(x) and we let (by convention) X%Q = 0. We call the sets Supp(F) =
{n|fu=0={nl|g, =0}, EXp(F) ={ry |n 0} and Coef(F) ={x"f, |n 0} ={gn|
n 0} the support, the set of exponents and the set of coefficients of F, respectively.

In what follows we shall often assume that the v-asymptotic series are already presented
in their canonical form (7). Notice that for the v-asymptotic series we have Coef(F) C
C, U {0} (Section 3).

Notation 1. Let K be a subset of C,, U {0}.

(i) We denote by K (1/x“) the set of all v-asymptotic series in the form (7) with coeffi-
cients ¢, in K.

(if) We denote by K'1/x the set of all v-asymptotic series in the form (7) with coefficients
@, In K and such that lim,,_, o, = 00.

We should notice that K (1/x®) consists of all Hahn’s series [6] with coefficients in K
and with a set of exponents which is an increasing sequence is R (hence, the origin of w in
the notation). We observe as well that in the particular case K = C, U {0}, the set K (1/x%)
coincides with the set of all v-asymptotic series in M, while K1/x coincides with the set
of all v-asymptotic series (7) in M with lim,,_, o r,, = oc0.

Here are several examples:

Example 6. Let ¢, be a (arbitrary) sequence in C and m € Z. Then the series 3 ° ; -5
is both asymptotic and v-asymptotic.

Example 7. The series: Y00 o X 32 e;# oo x, Yol Intxand Inx +In(Inx) +
In(In(Inx)) + --- are all asymptotic. All but the last two are also v-asymptotic. The
last two series are not wv-asymptotic, since v(In"x) = 0 and v(Inx) = v(In(Inx)) =

v(In(In(Inx))) =---=0.

Example 8. In contrast to the above the Sine-series:

e 1 21 4 @n)!(—1)rt1
E—FCOSx —;+x_3—x_5++w

1 3 5 2n + 1)1(—1)nt?
+sinx<_ .. M.}....)’

2T AT 6 2n+2



is v-asymptotic (see the set @1 in Lemma 5, Section 3), but not asymptotic since

(sinx)(2n + 1)!(—=1)t1 (cosx)(2n)!(—1)"*1
212 =0 L2n+1

Example 9. The series > 02 ”"J;# is asymptotic, but not v-asymptotic since the set

of the coefficients {1 +n + j; |n 0} is not linearly v-independent over C.

Example 10. Finally, the series > 72, fT' and Y77, % are neither asymptotic, nor v-

asymptotic as x — oo (the first is convergent in R, while the second is divergent in R, but
the convergence or divergence in R is irrelevant to their asymptotic properties).

6. v-Asymptotic expansion of a function

In this section we discuss the concept of the asymptotic expansion of a function of
moderate growth at infinity in a v-asymptotic series.

Definition 7. Let f € M (Definition 1) and let 32 , 2% be a y-asymptotic series in M

n=0 " xn

(Section 5). We say that the series ) /7 ; £ W) js a p-asymptotic expansion of £ (x) (or, that

x'n

f(x) is an asymptotic sum of "7, 209y a5 x — o0, in symbol, f(x) ~» Y20, L) jf

x'n n=0 "y

for every integer n 0 for which ¢, =0, we have

n
Fx) — g”"ff) —o(1/x™) asx — oc. ©)
k=0
Remark 2. Notice that r,, = o0 iff ¢, = 11 =@y =---=0iff f(x) =D o ‘pfc'f,f) =

f) — 3025 %8 € N since, by convention, % = 0.

Lemma 7. Let f e Mand ) 2, "’x—()‘) be v-asymptotic series in M. Then the following
are equivalent:

(i) fx)~o Y02, ),
(i) X[ f(x) = Yi o EX eT, foralln 0, ¢, =0.
(i) x[f(x0) = Y434 ec, foralln 0, ¢, =0.

Proof. (i) = (ii): Suppose, first, that ¢, -1 = 0. We have f(x) — Y i_, “’xkf(,f) = “’;Tn—lﬁ‘) +
o(1/x"™+1), It follows

v X" f(x)— ’ Qﬂk_(x) =0 M
k=0 x'k x'n+1="Tn

= 0(Pnt1(x) +0()) + g1 — 14 > 0,



as required, by Theorem 1, since v(¢,+1(x)+0(1)) 0and r,+1—r, > 0 (by assumption).
If gns1 =0, then f(x) — (o £ e N implying x/[ f(x) — Y7o %821 € A and (ii)
follows since N C Z,,.

(i) < (ii) follows directly by part (i) of Lemma 3.

(ii) = (iii): We denote x"[ £ (x) =Y} _o "’jf,f)] = d g, (x) and observe that v (x" [ f (x) —
S0 25 Z9Y) = u(gy (x) + dgy (x)) = 0, as required, since dg, € Z,, by assumption.

(ii) <= (iii): Suppose, first, that g,+1 = 0. We denote x"m+1[ f (x) — Yp_o & ] =y, (x)
and observe that ¥, € C,, by assumption. It follows

o) Y

xTk - x'n+1=Tn
k=0

xmf ) — €1y,

since rp41 —ry > 0. If @401 =0, then f(x) — >}, “”;ﬁf) e N implying x™[ f(x) —
S0 %827 e N and (i) follows. O

Theorem 7 (Convergent series in M). Let f € M and Y 2 @) he g v-asymptotic

n=0 xn

series in M such that lim,,_, o r, = co. Then the following are equivalent:

() fO) 2o,
(i) f(0) =320 228 in the sense that £(x) = iMoo Y{_o £ in (M, d,) (Defini-

tion 2, Section 2).

Proof. (i) = (ii): We have f(x) — >}_o % = o(1/x") for all n which implies (i), by

Corollary 1 (Section 2), since lim,_, o r,, = 0o, by assumption.
(i) « (ii): Suppose, first, that f € A (in particular, f = 0). It follows lim,_ . v x

(Yo 282) = oo, by part (i) of Theorem 4. It follows ro = ry = rp = --- = 00 and
@o(x) = p1(x) = @2(x) =--- =0, thus, (i) hods (in the form f(x) 0+0+--.). Suppose

that 1 ¢ N. It follows v(f) = v(};_, “’)’;5;‘)) for all sufficiently large n, by part (ii) of

Theorem 4 (Section 2). Thus v(f) = ro and more generally, v(f (x) — YF_o %) = 1,41
for all n. Similarly, we observe that Stz (x"0 f (x)) = ¢g(x) and

"ok (x)

x"k
k=0

for all n, where C is a maximal vector space containing the set {¢, | n € N}. It follows that

for each n we have f(x) =Y (o &8 Y2 & which implies (i), as required. O

ste x™ f(x) —

= @n1(x)

7. Existence and uniqueness result

The purpose of this section is to show that every function with moderate growth at
infinity has a v-asymptotic expansion in M.

Theorem 8 (Existence and uniqueness). Every function with moderate growth at infinity
has a v-asymptotic expansion in M. More precisely, let C be a vector subspace of M



which is maximal in C, (Definition 4, Section 4). Then every function f in M has a unique
v-asymptotic expansion (as x — 00):

) @n(x) ’ 9)

x'n
n=0

with coefficients ¢, in C (that is, within the set C(1/x®), Notation 1, Section 5).

Proof. (A) Existence: Our first goal is to show the existence of a v-asymptotic series in (9).
Let Ste : F, — F, be the pseudostandard part mapping determined by C (Definition 5,
Section 4). The function f(x) determines the sequences (¢,) and (r,) by the following
recursive formulas:

ro=v(f), po(x) =St x f(x) ,
ri=v f(x)— mfx) ) p1(x) =5t x" [f(X) - (pO(x)]),
x'o x'o
.., etc., (10)
" i) " o)
m=v f(x)-— — on(x)=Ste X" f(x)— p ,
X"k x'k
k=0 k=0
" or(x) " r(x)
Pl =v f(x)— = gar1(x) =St " f(x) - — . (1
x"k x"k
k=0 k=0
n=0,1,2,..., where, by convention, we let x> - ¢ = 0 whenever ¢ € N/. Next, we

observe that ¢, € C (since ran(St¢) = C) and that (r,) is a non-decreasing sequence in
R U {oc}. Our next goal is to show that the series on the RHS of (9) is a v-asymptotic
series. Suppose, first, that r, = oo for some n. It follows f(x) — Zz;é ‘p)’gf,f) e N thus
x® - [f(x) — ZZ;& "))kcff)] = 0 (by convention), implying that ¢, = 0 (since N' C Z,).
Consequently, it follows that r, = oo and ¢ =0 for all k  n, as required (which means
that in this case the series is a finite sum). Suppose now that r,, 11 = co for some n. It fol-
lows that r,, = oo as well, by what was just proved above. We have to show that r,, < ry, 1.
We observe that the second formula in (11) implies

"ok (x) L don®)

foy= &2 3 (12)
X xXn

k=0

for some dg, (x) € Z,. It follows

i=v foy— O ey + x> s

=0 xTk x'n
by Theorem 1, since v(dg,) > 0 and v(1/x"") = r,. Next, we observe that the set ® =
{¢n |n 0} is linearly v-independent over C, by Lemma 4 (Section 3). Thus the series on
the RHS of (9) is a v-asymptotic series. To show that the asymptotic expansion (9) holds,
suppose that ¢, = 0 (hence, r,, = c0). The formula (12) implies x" [ f (x) — YF_o %] =

x"k




dgy, (x) which implies (9), by Lemma 7, since dg, (x) € Z,. This proves the existence of a
v-asymptotic expansion of f within the set of series C(1/x®).
(B) Uniqueness: Suppose that

fx) M, as x — oo, (13)

xS
n=0

00 Ynl(x)

n=0 "y 1

for another v-asymptotic series > where y,, € C. Suppose as well that v, =0
(hence, s, = 0o) for some n. It follows that x* [ f (x) — ZZ;& ‘”;’S(f)] € Cy, by part (iii) of

Lemma 7. Thus

n—1
v f- B (14)
k=0 .

by part (i) of Theorem 1. Similarly, we have x*[ f(x) — >} _, ‘”)’;S(,f‘)] € 7y, by part (ii) of
Lemma 7. It follows

n—1
) =St x f— O (15)

X5k
k=0

since St (y,) = .. Since y =0 forall k. n we can start from k = 0. Formula (14) gives
s0 = v(f(x)) = ro and formula (15) gives yo(x) = Stc (x% f (x)) = Ste (x"0 £ (x)) = go(x).
Similarly, k = 1 gives

S1="0 f(X)—wofx) =v f(X)—(pOEx) =r1,
x50 x'o
Y1(x) =Ste x f(x) — wofx) =Slc 1" f(X)—(pOEX) = p1(x).
x50 x’o

Continuing we obtain s; = r; and ¥ (x) = ¢ (x) forall k.  n. Suppose, now, that v, =0
for some n which implies s,4+1 = sp42 = --- =00 and ¥, = Y41 = Y42 = --- = 0.
Without loss of generality we can assume that 1,1 = 0, hence, s,_1 = co. So, we have
sk =1 and Yy (x) = ¢ (x) forall k. n — 1. It follows

n—1 n—1
@i (x) Yi (x)
fx)— — = fx) - — e N,
x"k x5k
k=0 k=0
which, on its turn, implies r, = rp41 =ryqp2 =+ =00 and ¢, = P41 = Ppi2 = --- =0.

Summarizing, we have s = ry and y;, = ¢ for all k0 which proves the uniqueness of
the v-asymptotic expansion within C(1/x“) (Notation 1, Section 5). To complete the proof
we observe that there exist maximal linear spaces C in M, by Lemma 6, Section 4 (in
particular, there exists C such that @5 C C, where @5 is defined in Lemma5). O

The next corollary is written for those readers who do not feel comfortable with the
concept of “maximal linear space.”



Corollary 2 (On uniqueness again). Let (9) holds for some moderate function f € M
and some v-asymptotic series Y 7, "’x—(") Let I be a linear subspace of M such that

® CKcCyU{0}, where ® ={¢, |n=0,1,2,...}. Then (9) is the only v-asymptotic
expansion of f within the set of v-asymptotic series C(1/x“) (Notation 1, Section 5).

Proof. Let C be a vector subspace of M which is maximal in C,, and which contains K.
Notice that the existence of C is guaranteed by Lemma 6 (Section 4). The asymptotic ex-
pansion (9) is unique in C(1/x%), by the above theorem. The latter implies the uniqueness
of (9)in £(1/x®). O

In the next example we explain how to use Theorem 8 in asymptotic analysis.

Example 11 (An integral with a large parameter). Let f € C*°[—m, ] and define:

e

I(x)= / SN £ (y) dy, (16)

—IT

Integrals of the form (16) arise in quantum statistical mechanics and random matrix the-
ory (M.L. Mehta [10]), where they are related to the probability that no eigenvalue of a
large Hermitian matrix lies in the interval (—x, x) (see also E. Basor [4] and C.P. Hughes,
J.P. Keating, N. O’Connell [7]). Since I (x) is a function with moderate growth at infin-
ity (Section 2), it follows that 7 (x) has a v-asymptotic expansion in M, by Theorem 8.
Notice that Theorem 8 is used to guarantee the existence of a v-asymptotic expansion in
advance; before plunging into possibly hard and time consuming calculations. Next, we
note that the recursive formulas (10) (used in the proof of Theorem 8) are rarely efficient
for explicit asymptotic calculations (just as the recursive formulas (1) in the Introduction
are rarely efficient for explicit calculations). The explicit calculations should be done by
any of the methods known to asymptotic analysis. In the case of I (x) the “integrating by
parts” produces the following v-asymptotic expansion:

@n(x)

I()C) B W, (17)
where the sequence (¢,) is determined by the recursive formulas:
1 imx —imTXx
wo(x) = lf[f(n)e — f(=m)e™ "],

p1(x) = f(m)e™ — f/(=m)e™ ™ — uInx)[ f(r)e™ + f(—m)e” ],
and, more generally,

(-1 n n— inTx n— —imx

on(x) = 3 o @ Inx)? [ £ 720 ()™ — U2 (—p)e i
221
C L

n
-—T
it L0 2k +1



% f(n72kfl)(n)eirrx_i_f(ankfl)(_n,)efinx )

Now is the time to establish our uniqueness result. First, we observe that Span({¢, | n =
0,1,2,...}) = Span(®4), where @4 is the set of functions defined in Lemma 5 (Section 3).
We conclude that the series in (17) is a v-asymptotic series since @4 is a linearly v-
independent set and the sequence of exponents r, = 72 + 1 + n is strictly increasing.
Let K be a vector subspace of M such that &4 ¢ K c C, U {0} and let IC(1/x®) denote the
set of all v-asymptotic series with coefficients in IC (Notation 1, Section 5). We conclude
that the v-asymptotic expansion (17) of 7(x) is unique within the set of series C(1/x®),
by Corollary 2. In particular, let C be a vector subspace of M which is maximal in C,
and which contains @4. Then the v-asymptotic expansion (17) of I(x) is unique within

set of series C(1/x®). Finally, it is curious to observe that 7 (x) = Zzio ‘”;fl‘i , by Theo-
X?T n

rem 7, since lim,_. oo (% + 1 + n) = oo. That means that the series (17) is convergent and
I(x)=lim,500 > 7o 2 _ i the metric space (M, d,) (Definition 2, Section 2).

ATk

8. Colombeau’s generalized numbers

As an application to the non-linear theory of generalized functions (J.F. Colombeau [2,
3]), we show that every Colombeau’s generalized number has a v-asymptotic expansion.
Since the Colombeau generalized functions can be characterized as pointwise functions
in the ring of Colombeau’s generalized numbers (M. Kunzinger and M. Oberguggen-
berger [8]), it follows that every Colombeau’s generalized function (including every
Schwartz distribution) has (pointwisely) a v-asymptotic expansion. This result has an im-
portance for finding weak generalized solutions of some partial differential equations with
singularities (M. Oberguggenberger [11]).

Definition 8 (Colombeau’s ring).

(i) We call the factor-ring C = M /N Colombeau’s ring of complex generalized num-
bers (Section 2). We denote by ¢ : M — C the corresponding quotient mapping. The
Colombeau’s ring of real generalized numbers is

R= q(f)| feM, f(x)eR for all sufficiently large x .

The real generalized number A = ¢(id) is called the scale of C, where id(x) = x for
all x eR.

(i) We define a pseudovaluation v : C — RU {oo} and a metric d, : C x C — R inherited
from M, i.e., by v(g(f)) = v(v) and d,(q(f),v(g)) = dy(f, g), respectively. We
denote by (C, d,) the corresponding metric space.

(iii) We denote by Z,(C), C,(C) and F, (C) the subsets of C with positive, zero and non-
negative pseudovaluation, respectively.

(iv) Let C be a vector subspace of C. We say that C is maximal in C,(C) if C c C C
C,(C) U {0} and there is no a vector subspace K of C such that C gK C Cy(C)U{0}.

(V) We say that a set F c C is linearly v-independent over C if v(a) =0 for all a €
Span(IF),a =0.



Remark 3. The ring C defined above is, actually, isomorphic to the original Colombeau
ring of generalized numbers (under the mapping x — 1/¢), introduced in (J.F. Colombeau
[3, Section 2.1]). We shall ignore the difference between these two isomorphic rings. No-
tice that both R and C are (like M) partially ordered rings with zero-divisors and we have
R cC.

Due to the factorization we have: v(a) = oo iff a = 0 in C. Consequently, C is a metric

space (in contrast to M is a pseudometric space). The next two results follow immediately
from the corresponding properties of M (Section 2):

Theorem 9 (Metric). Colombeau’s ring (C, dy) is a ultrametric space, i.e., for every
a, b, c € C we have:

() dy(a,b)=0iffa=>b.
(i) dy(a,b) =dy(b,a).
(iii) dy(a,b) max{dy(a,c),dy(c,8)} dy(a,c)+dy(c,b).

Theorem 10 (Convergence in C). Let (c,) be a sequence in C and ¢ € C. Then:

(i) iMoo cn =01in (C, dy) iff lim,_ o v(cy) = 00 in R U {oo}.
(i) lim,— o0, =c=01in (C,d,) implies that v(c,) = v(c) for all sufficiently large n.

The concept of a v-asymptotic series in M can be adapted to C. In what follows A is
the scale of C (Definition 8).

Definition 9 (v-Asymptotic series in C).

(i) Aseries) 2, w in C is called v-asymptotic if:
(a) The set of the coefficients {a, | n € N} is linearly v-independent over C.
(b) The restriction of the sequence (r,,) on the set {n | @, = 0} is a strictly increasing

(finite or infinite) sequence in R.

If Kis a subset of C, (C) U {0}, then K(1/1%) denotes the set of all v-asymptotic series
p 0 w in C Wlth coefficients a,, in K.

(i) We say that Y2 <% is a v-asymptotic expansion of a generallzed number a e C (or,
that a is an asymptotic sum of 1 7&), insymbola > %o &, if Y ° % isa

v-asymptotic series in C and for every n 0, a, = 0, we have v(a — Y ko W) > 7.

Theorem 11 (Convergent series in C). Let f € M and let Y oo 4% be a v-asymptotic
series in C such that lim,,_, o 7, = c0. Then the following are equivalent:

(i)ya Doloix in C.

(i) a=30" 2 inthe sense that a = lim, o0 > }_o % in (C. d).

Proof. The result follows immediately from part (i) of Theorem 10. O



Theorem 12 (v-Asymptotic expansion in C). Every Colombeau’s generalized number has
a v-asymptotic expansion in C. More precisely, let C be a vector subspace of C (over C)
which is maximal in C, (C). Then every a € C has a unique v-asymptotic expansion:

00
an

A’
n=0

with coefficients a,, in C.

(18)

Proof. We have a = ¢(f) for some f € M. We observe that C = q_l[C] is a vector
subspace of M which is maximal in C, (Section 4). It follows that f has a unique v-
asymptotic expansion f(x) Y >7, “";fj‘) in C(1/x®), by Theorem 8 (Section 7). Thus

(18) follows for a, = g (¢,). O

If £2 is an open subset of R”, then we denote
()= w+dow wef, doeR" v |do| >0 .

In what follows G(£2) denotes the algebra of Colombeau’s generalized functions on £2.
We recall that G(£2) contains a canonical copy of the space of Schwartz’s distributions, in
symbol, D'(§2) c G(£2) (J.F. Colombeau [2]).

Corollary 3. Let f € G(£2) be a Colombeau’s generalized function (in particular,
a Schwartz distribution) and let f : 1, (£2) — C be its graph. Then there exist f, :
wy(£2) — C, f, =0,and r, : u,(§2) — R, such that for every & € u,(£2):

@ Yoo L8 is a v-asymptotic series in C (which, among other things, implies that
whEN =0
) f&) Yo inC.

Proof. The result follows immediately from Theorem 12 and the identification between the
Colombeau generalized functions with theirs graphs (M. Kunzinger and M. Oberguggen-
berger [8]). O
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