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ABSTRACT. In a general class of measure-partitioning or fair-division prob-
lems, the extremal case occurs when the measures are proportional. Applica-
tions are given to classical and recent fair-division problems, and to statistical
decision theory, mathematical physics, Banach space theory, and inequalities
for continuous random variables.

1. Introduction. In many measure-partitioning inequalities the critical case,
where equality is attained, often occurs when the measures are proportional; this
happens for example in “fair-division” or “cake-cutting” inequalities of Neyman [8],
Steinhaus, Banach and Knaster [10], Dubins and Spanier [2], and Hill [4, 5, 6].
The main purpose of this note is to prove the following proportionality principle
for nonatomic measures (Theorem 1), and to give a number of applications of the
theorem.

Of course, if the measures involved are all probability measures, proportionality
means equality of the measures, and it is in this setting that the theorem will be
stated. For arbitrary nonzero finite measures a simple rescaling of the measures
yields the corresponding inequality; an example of this is seen in Corollary 4 below.

The following notation is used throughout this paper:

M1, ..., U are (countably additive, nonnegative) measures on a general measur-
able space (S,%);

Iy = IIx(F) is the collection of F -measurable k-partitions {4;}%_, of S;

P is the set of probabilities on k points, i.e.,

k
P = {p= (P1,...,pk) ERF:p; >0 V4, ) py = 1};

=1
M, i is the set of real-valued n x k matrices; and
u(A) is the n x k matrix (#i(Aj))i=1,....nsj=1,....k, for A= {A,’};‘?=1 € Il.
In typical measure-partitioning or fair-division problems, a function f: M, xy — R
is given and the best constant C is sought so that

(1) sup{f(u(A)): A € It} > C.
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If C is known and the measures are nonatomic, the inequality (1) is usually
easy to prove using the Convexity Theorem of Lyapounov [7] or a generalization
of the convexity theorem (cf. Dvoretzky, Wald and Wolfowitz [3] or Dubins and
Spanier [2]). The advantage of Theorem 1 below, which also is a consequence of
Lyapounov’s theorem, is that the best constant C is identified as a “proportionality
constant” depending only on f.

DEFINITION. For f: M, x — R, define

P1
C(f)==sups f| : |: P1="=pPn=PEF
Pn

THEOREM 1. If py,...,un are nonatomic probability measures and f is any
real valued function on My i, then

(2) sup{f(u(A)): A € IIx} > C({),

and this bound is best possible. Moreover if C(f) is attained for some p in P,
then there exists a measurable k-partition A of S satisfying

(3) f(u(A)) = C(f).

REMARKS. In many natural applications, such as those in the following section,
f can even be taken to be continuous, in which case the compactness of % implies
that C(f) is attained. For many problems, if the measures p,...,u, are not
proportional, the inequality in (2) can be shown to be strict (cf. Urbanik [12],
Dubins and Spanier [2], and Hill [5]).

2. Applications of Theorem 1. Although it will not be explicitly stated
every time, each of the inequalities (4)—-(10) below is best possible, i.e., is attained
for some {u;}.

COROLLARY 1 (STEINHAUS, BANACH AND KNASTER [10]). If p1,...,4n
are continuous probability measures, there is a measurable partition {Aj};‘=1 of S
satisfying
(4) wi(A:)) 2 1/n foralli=1,...,n.

PROOF. Let f: M, , — R be given by f((ai;)) = min; a;;.

Then C(f) = sup{min;<p, pi: (p1,...,Pn) € %} = 1/n, and since f is continu-
ous, (4) holds (even with equality) by (3). O

(The elegant and practical solution in [10] is even constructive in the case of

continuous measures, unlike the proof presented here which holds for the more
general nonatomic case.)

COROLLARY 2 (NEYMAN ([8]). If ui,...,un are nonatomic probability mea-
sures, for each k > 1 there exists a measurable k-partition {Aj};?_:1 of S satisfying

(5) pi(Aj)=1/k foralli=1,...,n; j=1,... k.
PROOF. Let f: My — R be given by

f((aij)) = — max |ai; — @iy
,7,t",7
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Then C(f) = sup{—max; ; |p; —p;|: (p1,...,Pk) € P} =0, so since f is contin-
uous, (3) implies the existence of a partition {Aj};?:1 = A eIl with f(u(A)) =0,
which implies that pu;(A;) = p1(A;) foralli=1,...,nand j = 1,...,k. Since the
{u:} are probabilities, this establishes (5). O

COROLLARY 3 (DUBINS AND SPANIER [2]). If u1,...,un are nonatomic
probability measures, and o € F,, then there exists a measurable n-partition
{A;}j-; of S satisfying

(6) wi(A;)) > a; foralli=1,...,n
PROOF. Let f: M, , — R be given by
f((aiz)) = ma.x laz; — o).

It follows easily that C'(f) =0, so (5) holds (even with equality) by (3), since f is
continuous. O

The next result is a close analog of the “harmonic mean” theorem in Hill [5]; A
is any nonatomic measure on (S, ); ||g||, is the Ly,-norm ([ |g|P dA)!/? of g and
llgll = |lg||1; and I, is the indicator function of A.

COROLLARY 4. Let fi,..., fn € Lp(A), p > 0. Then there exists a measurable
partition {A;}7 of S satisfying

(7) Wfidadlp = (LANGZ + -+ fall;?) 7P foralli=1,...,n
PROOF. Assume p = 1; the proof for general p > 0 is similar. If ||f;|| = O for
some ¢, then f; 2" 0 and the result is trivial, so assume m; := [|fsl] > O for all

i=1,...,n Let p;(-) = m* Jy|fil A, and observe that 1, ..., un are nonatomic
probability measures on (S, ). Define f: M, » — R by

f((aw )) mln miQq;.

It follows easily [5, Lemma 2.2] that C(f) = (m' + - 4+ m;1)~1, so since f
is continuous (3) implies the existence of a measurable partition {A;}* , of S
satisfying

gggmiui(Ai) = (ml_l +--+ m;l)_l.

Since m;ui(A) = [, |fi| d), the conclusion (7) follows, even with equality. O
(Note that for p = 1, Corollary 4 is equivalent to Corollary 1.)

COROLLARY 5. Let X1,X2,...,X, be independent continuous random vari-
ables on a probability space (Q0,.F , P), and let k be any integer 1 < k < n. Then
there exists a Borel set A C R satisfying

k k n—k n—k
(8) P(XieAforiSkandXi¢Afori>k)2<;) < ) .

n

PROOF. Define i, ..., un by pi(-) = P(X; € (-)), and define f: M,, 2 — R by

f((a‘l,j Hazl H a;2.

=1 i=k+1
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It is easy to show that C(f) = k*¥(n — k)"~*n—", so (8) (with equality) follows
from (3). O

The next result is a problem from mathematical physics involving the equilibrium
positions of n + 1 unit “masses” in [0,1] (see [11, p. 140]); here u;(A;) represents
the “distance” between the ith mass and the (¢ — 1)st mass.

THEOREM 2. Ifpuy,...,un are nonatomic probability measures, then there exists
a measurable n-partition {A;}*_, of S satisfying

9) [T ) +--+ua)) > [ Ici-cil,
i,j;l,....,n i,)’;l,.‘..,n
1<) 1<g

where Cy,...,Cyp are the zeroes of the (rescaled) Jacobi polynomial P,(2z — 1).
PROOF. Define f: M, , — R by

)= JI (as+---+as)
i,j=41,.‘,.,n
1<)

By Theorem 6.7.1 of [11], C(f) is the constant on the right-hand side of (9); the
conclusion follows as before from (3). 0O

The final application of Theorem 1 is to the classification problem of statistical
decision theory. A random variable X has one of the known distributions y;, ..., tn,
but it is not known which. A single observation (realization) X(w) is made, and it
then must be guessed from which of the n distributions the observation came. A
decision rule corresponds to a measurable partition {A4;} , of R (“if X(w) € A;,
guess distribution p;”), and a loss L(%, 7) is incurred if the guess is y; and the true
distribution is u;. The objective is to minimize the maximum expected loss

R(L; p) = inf § max } _ L(i, j)us(Ay): {4}, € (R, B)

=1

COROLLARY 6. Let py,...,un be continuous probability distributions, and let
LeM,,. Then

(10) R(L; p) < inf{R(L,p):p € %} =V (L),

where R(L,p) is max;<n{d_;—, L(t,7)p;}, the mazimum loss of one player in a
game using mized strategy p against strategies (pure or mized) of the opponent,
and V(L) 1is the usual value of the game in mized strategies when the payoff matriz
18 —L. Moreover this bound is best possible.

PROOF. Define f: M, , — R by
n
f((aiy)) = —max} _ L(i, f)asj,
<n

and apply Theorem 1. O
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3. Proof of Theorem 1. Fix f: M,y — R, and p = (p1,...,pr) € %%. Since
the {u;} are nonatomic, Lyapounov’s Theorem implies that the range R(pu) =
{(u1(A),...,un(A)):A € F} is a convex (and compact) subset of R™. Taking
A = & and A = S shows that (0,0,...,0) and (1,1,...,1) are in R(u), so (by
convexity) (p1,p1,.-.,p1) € R(p), which implies that there is a set A; € & with
p1(A1) = -+ = un(A;) = p1. Apply this same argument next to S\A; to obtain
a set A; € F, disjoint from A;, which satisfies u1(A42) = - -+ = un(A2) = p2, and
then to S\(A; U A3), etc. to obtain a k-partition A = {Aj};?=1 € & satisfying
P
uA) =1 :

| Y

Since p € % was arbitrary, applying f to u(A) completes the proof of (2) and
3). o

(An alternate short proof of Theorem 1 can also be based on the “matrix-
convexity” results in [2 or 3]; the proof given above is more elementary in that
it depends only on the classical convexity theorem.)

Although in some partitioning problems with atoms the extremal case is also the
proportional one (e.g., Hill [6]), in general the conclusion of Theorem 1 may fail if
the measures have atoms, even if f is continuous.

EXAMPLE 1. Let S = {a,b}, & = {Q, {a}, {b}, S}; let u1({a}) = p2({b}) =1,
p1({0}) = p2({a}) = 0; and let f: M2 — R be given by

f(‘“ Zj) — min(1 - ay)

as
Then

sup{f(u(A)id ety =0 <1/2=1 (15 117 =

REMARK. All of the main results of this paper remain valid in the setting of
nonatomic finitely additive measures on o-algebras or the somewhat more general
class of algebras considered by Armstrong and Prikry [1], who showed that the
convexity conclusion of Lyapounov’s theorem holds in that more general setting.
In Corollary 4, if A is only finitely additive, V}, functions may be more appropriate

than L, functions (see Chapter 7 of [9]), especially if X is finite.
‘ ACKNOWLEDGMENT. The author is grateful to Professor J. Geronimo for several
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REFERENCES

1. T. Armstrong and K. Prikry, Liapounoff’s Theorem for nonatomic, finitely-additive, bounded
finite-dimensional vector-valued measures, Trans. Amer. Math. Soc. 266 (1981), 499-514.

2. L. Dubins and E. Spanier, How to cut a cake fairly, Amer. Math. Monthly 68 (1961), 1-17.

3. A. Dvoretzky, A. Wald and J. Wolfowitz, Relations among certain ranges of vector measures,
Pacific J. Math. 1 (1951), 59-74.

=+ T. Hill, Determining a fair border, Amer. Math. Monthly 90 (1983), 438—442.

5., Equipartitioning common domains of nonatomic measures, Math. Z. 189 (1985), 415-419.



A PROPORTIONALITY PRINCIPLE 293

—, Partitioning general probability measures, Ann. Probab. 15 (1987), 804-813.

. A. Lyapounov, Sur les fonctions-vecteurs complétement additives, Bull. Acad. Sci. URSS 4
(1940), 465-478.

8. J. Neyman, Un théoréme d’existence, C. R. Acad. Sci. Paris Ser. A-B 222 (1946), 843-845.
9. K. Rao and M. Rao, Theory of charges, Academic Press, New York, 1983.

10. H. Steinhaus, Sur la division pragmatique, Econometrica (Supplement) 17 (1949), 315-319.

11. G. Szegd, Orthogonal polynomials, Amer. Math. Soc. Colloq. Math. Publ., vol. 23, Amer.

Math. Soc., Providence, R. 1., 1978.
12. K. Urbanik, Quelques théorémes sur les mesures, Fund. Math. 41 (1955), 150-162.

] o

SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, ATLANTA, GEOR-
GIA 30332



	Article Contents
	p.288
	p.289
	p.290
	p.291
	p.292
	p.293

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 103, No. 1 (May, 1988), pp. 1-334
	Front Matter
	Scalar-Reflexive Rings [pp.1-8]
	On Continued Fractions of Given Period [pp.9-14]
	Embedding of $U_\omega$-Groups in $D_\omega$-Groups [pp.15-20]
	Faithful Abelian Groups of Infinite Rank [pp.21-26]
	The Schur Subgroup of the Brauer Group of Cyclotomic Rings of Integers [pp.27-30]
	On the Number of Components of a Graph Related to Character Degrees [pp.31-37]
	Algebraic Monoids whose Nonunits are Products of Idempotents [pp.38-40]
	Algebraic Cycles and Intersection Homology [pp.41-45]
	The Middle Annihilator Conjecture for Embeddable Rings [pp.46-48]
	Matrix Representations of Artin Groups [pp.49-53]
	Class Groups of Rank One Semisimple Monoids [pp.54-58]
	Existence of Generalized Homoclinic Orbits for one Parameter Families of Flows [pp.59-68]
	The Spaces $H^p(B_n), 0 < p < 1$, and $B_{pq}(B_n), 0 < p < q < 1$, are not Locally Convex [pp.69-74]
	Chain-Preserving Diffeomorphisms and CR Equivalence [pp.75-80]
	Plurisubharmonic Functions Outside Compact Sets [pp.81-84]
	The Fenchel-Moreau Theorem for Set Functions [pp.85-90]
	Two Mixed Hadamard Type Generalizations of Heinz Inequality [pp.91-96]
	Representation Theory of $U_1(H)$ [pp.97-104]
	Small Systems Convergence and Metrizability [pp.105-112]
	Strong Unicity of Best Approximations in $L_\infty (S, \Sigma, \mu)$ [pp.113-116]
	On Semiregular Points of the Martin Boundary [pp.117-124]
	Complex Interpolating Polynomials [pp.125-130]
	Weak-Star Generators of $Z^n, n \geq 1$, and Transitive Operator Algebras [pp.131-136]
	More on the Differentiability of Convex Functions [pp.137-140]
	Approximation by Operators with Fixed Nullity [pp.141-144]
	The Validity of Beurling Theorems in Polydiscs [pp.145-148]
	Solutions with Compact Support of the Porous Medium Equation in Arbitrary Dimensions [pp.149-152]
	A Characterization of Nonlinear Semigroups with Smoothing Effect [pp.153-159]
	A Runge Theorem for Harmonic Functions on Closed Subsets of Riemann Surfaces [pp.160-164]
	Weighted Norm Inequalities for Bochner-Riesz Spherical Summation Multipliers [pp.165-171]
	Integral Inequalities of Hardy and Poincaré Type [pp.172-176]
	Martin Boundaries of Denjoy Domains [pp.177-183]
	Degrees of Constant-to-One Factor Maps [pp.184-188]
	On Blow up of Solutions of Nonlinear Evolution Equations [pp.189-197]
	On the Marchaud-Type Inequality [pp.198-202]
	The Density of Extreme Points in Complex Polynomial Approximation [pp.203-209]
	Total Paracompactness and Banach Spaces [pp.210-214]
	The Operator $id/dx$, on $C \lbrack 0, 1 \rbrack$, is $C^1$-Scalar [pp.215-221]
	Point Singularities and Conformal Metrics on Riemann Surfaces [pp.222-224]
	The Franklin System as Schauder Basis for $L^p_\mu \lbrack 0, 1 \rbrack$ [pp.225-233]
	Cesàro Convergence of Martingale Difference Sequences and the Banach-Saks and Szlenk Theorems [pp.234-236]
	The Faber Transform and Analytic Continuation [pp.237-243]
	An Application of Banach Limits [pp.244-246]
	An Asymptotic Fixed Point Theorem for a Locally Convex Space [pp.247-251]
	Polynomially Moving Ergodic Averages [pp.252-254]
	Homogeneous Polynomials on the Ball of $C^2$ [pp.255-259]
	Weak (1, 1) Boundedness of Singular Integrals with Nonsmooth Kernel [pp.260-264]
	Horizontal Holomorphic Curves in $\mathrm{Sp}(n)$-Flag Manifolds [pp.265-273]
	The Logically Simplest Form of the Infinity Axiom [pp.274-276]
	The Cardinality of Reduced Power Set Algebras [pp.277-280]
	Two Theorems on Truth Table Degrees [pp.281-287]
	A Proportionality Principle for Partitioning Problems [pp.288-293]
	Spaces Every Quotient of which is Metrizable [pp.294-298]
	Finite Dimensional Complement Theorems: Examples and Results [pp.299-306]
	More Nondevelopable Spaces in $\mathrm{MOBI}$ [pp.307-313]
	Random Trees in Random Graphs [pp.314-320]
	Enumerating 2-Cell Imbeddings of Connected Graphs [pp.321-330]
	Shorter Notes: On Gauss's First Proof of the Fundamental Theorem of Algebra [pp.331-332]
	Shorter Notes: Fixed Points of Automorphisms of Finitely Generated Free Groups [p.333]
	Correction to "The Singular Cohomology of the Inverse Limit of a Postnikov Tower is Representable" [p.334]
	Back Matter





