
where y and y' denote the average values of y and y' over the element. Using the new values 
of A, Band C, the above steps are repeated until convergence is reached. 

An important difference between the finite analytic method and the finite difference 
method can be observed by considering the y; within an element. For example, consider y~ for 
the case with B = 0, A 7"= 0 and hI = h2 = I1h. Equation (A.6) from Appendix A reduces to 

, = YN - Ys ( A I1h ) + C(1- A I1h ) (11)Yp 211h sinh A I1h A sinh A I1h . 

It is easy to see that as I1h -7 0 

(12) 

which is the central difference representation of the derivative. The cases with A ¥ 0 and 
B =;6 0 yield the same result as I1h -7 O. Hence the finite difference approximation (12) can be 
thought of as a particular case of the finite analytic expression (11). It should be remarked 
that (11) is the exact solution for the derivative while the central difference approximation of 
(12) has an error of O(l1h2 

). Notice that for A = 0, B = 0 the finite analytic method has a 
derivative at point p given by 

t Yo - Ys 
(13)Yp = 211h ' 

which shows that the central difference formula given in (12) provides a crude approximation 
by always neglecting the values of A and B in (3) and solving, in effect, the equation 

y"= c (14) 

in each element. 
In summary, because of the more accurate approximation of the differential equation, one 

may expect that the finite analytic solution obtained with a larger step size than the finite 
difference solution will yield comparable accuracy. In the following section, some test 
problems are solved with both methods and also by a shooting method, and the results are 
compared. All the examples chosen have a known exact solution so that the merits of the 
finite analytic method can be demonstrated more clearly. 

3. Linear equation with variable coefficients 

Consider the ordinary differential equation 

Y" + 4xy' + 2(1 + 2x
2 )y = 0, (15) 

subject to boundary conditions yeO) =0, y(i) = 1. The exact solution for this equation is 
y = x e -x

2
+1. In order to apply the finite analytic method to (15), it is rewritten in the standard 

finite analytic form with uniform grid size I1h as given in (3), where the values of A, Band C 



for each element of length 2 t1h is obtained by taking the integral average of the variable 
coefficient over that intervaL For example, when Xi is the center node of the element, 

lX
i 1 
+ 4x dx� 

i-I� 

A= 2t1h 

Since three nodal values are available, a Simpson's closed interval formula gives 

The coefficient C is zero in this example. 
Once the values of A, Band C are determined for each interval of length 2 t1h, the 

coefficient of the finite analytic equation (6) can be obtained using the finite analytic formulas 
in Appendix A. The system of algebraic equations (7) can now be solved numerically to 
provide the finite analytic solution of (15). 

Table 1 shows the finite analytic solution and the numerical solutions obtained from the 
finite difference and shooting methods in addition to the exact solution. All numerical 
calculations in Table 1 are made with an increment interval of t1h = 0.02 which gives 50 
intervals in the solution domain. The finite difference solution with 50 intervals is also 
obtained using the following finite difference equation, 

Yi + 1 - 2YI +Yi -1 + 4 . Yi + 1 - Yi -1 + 2(1 + 2 2) . = 0 (16)(t1h/ Xl 2Ah Xl Y, . 

The shooting method solutions uses a fourth-order Runge-Kutta integration scheme. The 
procedure for finding the missing initial conditions starts with guessing two different initial 
conditions and shooting for their corresponding boundary values. If these values are different 
from the prescribed boundary conditions, another initial condition is guessed using linear 
interpolation. The tabulated values in Table 1 are after 10 such iterations. 

Table 1 
Numerical solutions of (15) for h = 0.02 

Finite Finite 
Exact difference Shooting analytic 

0.1 0.26912 0.26918 0.26912 0.26913 
0.3 0.74529 0.74554 0.74530 0.74532 
0.6 1.13788 1.138081 1.13789 1.13792 
0.9 1.08832 1.018839 1.08833 1.08833 

Time 
used (CPU)(s) 5.537 8.123 7.854 

x 



Table 2� 
Effect of grid size on the numerical solutions of (15)� 

x h = 0.02 h =0.1 h =0.2 h =0.5 Exact 

Finite Finite Finite Finite Finite Finite Finite Finite 
difference analytic difference analytic difference analytic difference analytic 

0.2 0.5224 0.5223 0.5251 0.5224 0.5336 0.5246 0.5223 
0.4 0.9267 0.9265 0.9312 0.9274 0.9456 0.930 0.9265 
0.5 1.2 1.0821 1.0585 
0.8 1.1467 1.1455 1.1497 1.1471 1.1593 1.1485 1.1466 

% Error 
at x = 0.4 0.019 0.00 0.536 0.114 2.16 0.44 13.42 2.2 

Comparison of different solutions in Table 1 shows that the finite analytic solution is 
definitely better than the finite difference solution, while the shooting method gives slightly 
better solutions than the finite analytic solution. The missing initial condition is evaluated 
using the method of bisection and initial guess values. Since this method involves iteration, a 
larger computational time is required. 

Table 2 shows the effect of grid size on the accuracy of the finite difference and finite 
analytic solutions. The percentage error of the predicted solutions at x = 0.4, by each method 
is also given in Table 2. Note that for small grid size, both methods yield good results. 
However, as the grid size becomes larger, the finite difference solution shows more error than 
the finite analytic solution. This example shows that the finite analytic solution is less sensitive 
to interval size. All three methods used for this problem are stable which is due to the linearity 
of the equation. 

4. Nonlinear ordinary differential equation: I 

As a second example, we consider the following nonlinear differential equation: 

yy" + y'2 = 0, (17) 

subject to boundary conditions y(O) = 0, y(2) = 2. 
In order to apply the finite analytic method, the nonlinear terms in (17) are first linearized 

in a finite interval of length 2 6.h by replacing them with their integral average values over the 
interval 

yyl/ +Y' y 1 = °, (18) 

where 

l
X;+1 ";+1 

_ X;-l y dx _, _ X;_l y'dx1
y = 26.h ' y - 2l:ih . 



The linearization in effect eliminates the singularity at x = 0 since the integral average of Y has 
replaced the function Y in the first 26.h interval of (17). Equation (17) can now be written as 

y,,+Y~ y'=O. (19) 
Y 

Comparing (19) with the finite analytic standard form (3) we have 

B =0, c=o. (20) 

To find the finite analytic solution of (20), an iteration between the function y in the linearized 
coefficient A given in (20) and the solution must be made. A simple choice for the initial 
profile that satisfies the boundary condition at yeO) = 0 and y(2) =2, is the line y = x. The 
initial profile for y' is obtained by differentiating the initial profile for y, that is y' = 1. Once 
the coefficients A, Band C are known for each finite element, the locally linearized 
differential equation (19) can be solved analytically for each interval. The new or improved 
values of y and y' are then used to update the values of y and y' for each interval using (8). 
New values for the coefficients A, Band C are obtained and this procedure is repeated until 
the convergence is achieved within a desired tolerance. The analytic solution for (17) is 
l = 2x, and its derivative y' = 1/Y2X is infinity at x = O. Therefore the shooting method 
cannot be used for this problem because no matter how large the missing initial condition is 
taken, it will never converge to the exact value. Thus for this problem the finite analytic 
solution is compared with the finite difference solutions and the exact solution. Table 3 gives 
the results of y = y(x) for 6.h =: 0.05. The number of iterations for both methods is 8. The 
finite analytic solution is shown to be closer to the exact solution. A different method, called 
quasi-linearization can be used for linearizing the nonlinear terms. To illustrate this technique, 
Jet us consider the nonlinear second-order ordinary differential equation y" = f( y, y'). The 
function f can be expanded in a Taylor series around a given function yo(x) and its derivative 
Yb(x). Thus, 

fey, y') = f(yo(x), Yb(x)) + (yl(X) - Yb(x)) :: 10 + (y(x) - Yo(x)) :~ 10' (21) 

)f (17) 

;t 
Finite analytic 

h == 0.05 
Finite difference 

h = 0.05 

32 
;94 
264 
.549 

1.897 

0.629 
0.892 
1.264 
1.548 
1.897 

0.638 
0.898 
1.266 
1.550 
1.897 

8 8 



Substituting (21) into (19), we have 

i'= j(yo(x), Yb(x)) + (y'(x) - Yb(x)) aa:, 10 + (y(x) - Yo (x)) ;; 10' (22) 

which is a linear equation. Applying this technique to (17), we have 

2y' y,2
y" = - _0 y'(x) + --T y(x) . (23) 

Yo Yo 

Comparison with (3) gives 

2y' ,2 

A=_o B=-~2 , c=o. 
Yo ' Yo 

Table 4 shows the comparison between quasi-linearization and interval average approximation 
for Doh = 0.1. The table shows that for this problem the interval average approximation gives 
more accurate results. From Table 5, we see that the number of iterations are about the same 
for both finite difference and finite analytic methods, and vary from 8 iterations for t1h = 0.05 

Table 4 
Comparison of interval average approximation (a) and 
quasi-linearization (b) 

y y�
x 

(a) (b)� 

0.4� 0.890 0.862 
0.8� 1.263 1.248 
1.2� 1.548 1.540 
1.6� 1.788 1.784 

Max 
error (%) 0.22 3.36 

Table 5� 
Effect of grid size on the numerical solution of (17)� 

x h = 0.05 h "" 0.1 h =0.2 h = 0.4 Exact 

Finite Finite Finite Finite Finite Finite Finite Finite 
difference analytic difference analytic difference analytic difference analytic 

0.4 0.898 0.892 0.901 0.889 0.907 0.886 0.923 0.887 0.894 
0.8� 1.266 1.264 1.268 1.261 1.272 1.261 1.277 1.256 1.264 

(0.15)" (0.00) (0.31) (0.08) (0.63) (0.23) (1.03) (0.63) 
1.6 1.789 1.788 1.789 1.788 1.79 1.788 1.792 1.781 1.788 

No. of 
iterations 8 8 8 7 7 6 5 5 

• Percentage error 



to 5 iterations for Ilh = 0.04. Again, more accurate results are obtained with a smaller grid 
size. The finite analytic solution again proves to be more accurate than the finite difference 
solution for all grid sizes as shown in Table 5, where the percentage of error for finite analytic 
and finite difference solutions are compared at x = 0.8. 

5. Nonlinear ordinary differential equation: II 

As the next example, consider another nonlinear differential equation 

y"= eY , (25) 

with the boundary conditions yeO) = y(l) = O. As before, the nonlinear term must be locally 
linearized. In order to write (25) in the standard form (3), we consider the element shown in 
Fig. 1 with h] = h

2 
= Ah. In this element of length 2 Ah, the nonlinear term e Y can be 

expanded about the point p. 

Therefore (25) becomes 

(26) 

Comparing (26) with (3) gives 

A=O, B = -e Yp , 

Equation (25) with boundary conditions yeO) = y(l) = 0 has the following analytic solution 

y = -log 2 + 2 log[ c sec (~ (x - ~) )], 
where c = 1.3360557. This equation has been solved by many authors [4,5]. Again, to 
implement this iterative procedure, an initial guessed solution is needed. A simple choice 
could be a polynomial that satisfies the boundary conditions yeO) = y(1) = 0 or y = x(x - 1). 
Using this initial profile, the numerical solution of (25) is obtained and compared with the 
exact solution in Table 6. 

Both finite analytic and finite difference methods with a grid size of Ah < 0.2 give good 
results after two iterations up to five decimal points. The time used for both methods is the 
same but, when the length of the element is increased, the finite analytic method gives more 
accurate results than the finite difference method. In the shooting method, if the exact missing 
initial condition is not guessed, convergence cannot be achieved. For example, even when the 
missing initial condition is guessed correctly to three decimal points, ten iterations (shootings) 
are needed for convergence, and the solution still has errors as can be seen from Table 6. 
Generally speaking, the finite analytic method, the finite difference method and the shooting 
method give close results when the step size is small provided a good initial guess is used for 




